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1. Introduction
The study of the subgroup structure and representation theory of semisimple algebraic groups
deﬁned over an algebraically closed ﬁeld has a long history. A large part of the research in this area
in the past two decades has been motivated by the potential application of algebraic group properties
to the study of the ﬁnite simple groups of Lie type. The main result of this paper is a contribution to
the study of positive dimensional closed subgroups of the classical algebraic groups. The classiﬁcation
of the maximal closed connected subgroups of classical algebraic groups deﬁned over an algebraically
closed ﬁeld was carried out by Dynkin [9], Seitz [26], and Testerman [31,32]. Their classiﬁcation is
based primarily on a striking result: If G is a simple algebraic group and φ : G → SL(V ) is a tensor
indecomposable irreducible rational representation then, with speciﬁed exceptions, the image of G
is maximal among closed connected subgroups of one of the classical groups SL(V ), Sp(V ) or SO(V ).
In order to classify the list of exceptions, they were led to determine all triples (G, Y , V ) where
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ﬁnite dimensional KY -module on which G acts irreducibly. The question of irreducible embeddings
of simple algebraic groups appears as well in the study of the closed, not necessarily connected,
subgroups of classical algebraic groups. A partial analysis of such embeddings was carried out by
Ford in [10] and [11]. In [21], the authors determine the possibilities for the maximal subgroups of
exceptional algebraic groups which are irreducible on an adjoint or minimal module.
In this paper we purpose to classify all triples (G, Y , V ) where Y is a simple algebraic group of
exceptional type, deﬁned over an algebraically closed ﬁeld K of characteristic p > 0, G is a closed
disconnected positive dimensional subgroup of Y , V is a nontrivial rational irreducible KY -module
and V |G is irreducible. Precisely, this paper is concerned with the proof of the Main Theorem below.
For an irreducible rational KY -module V , Steinberg’s tensor product theorem [29] implies that
V |Y ∼= V q11 ⊗ · · · ⊗ V qrr , where each Vi is a nontrivial irreducible KY -module with restricted highest
weight and {q1, . . . ,qr} are distinct p-powers. If G is a subgroup of Y then V |G is irreducible if and
only if Vi |G is irreducible for each i. Hence we assume V is a restricted KY -module. Let BY be a
Borel subgroup of Y and TY a maximal torus of BY . Let Π(Y ) = {α1, . . . ,αl} be the corresponding
base of the root system Σ(Y ) of Y with λi the fundamental dominant weight corresponding to αi .
Let BG0 denote a Borel subgroup of G
0 such that BG0  BY and TG0 a maximal torus of BG0 . We
take TG0  TY . Since the ﬁxed points of Ru(G0) on V afford a proper submodule of V |G , G0 must
be reductive. Let Π(G0) = {β1, . . . , βm} be a base of the root system Σ(G0) of G0 corresponding to
BG0 , with ωi the fundamental dominant weight corresponding to βi . If G
0 = D1 . . . Dr is semisimple
with simple components D1, . . . , Dr , where r > 1 and rank D j = i j , the weight ∑ ciωi is denoted by
c1 . . . ci1 ⊗ · · · ⊗ cm−ir+1 . . . cm . Let W(Y ) be the Weyl group of Y . If n is an integer then Dn denotes
the dihedral group of order n, Cn the cyclic group of order n and Sn the symmetric group on a set of
n elements. Our labeling of Dynkin diagrams is described at the end of this introduction.
Main Theorem. Let Y be a simply connected simple algebraic group of exceptional type over K and G a closed
disconnected positive dimensional subgroup of Y . Let V be a nontrivial irreducible restricted KY -module with
highest weight λ. Then G acts irreducibly on V if and only if G0 is reductive and G is isomorphic to an extension
of G0 by a subgroup X of Out(G0) × Z(Y ), where, up to conjugacy in Y , one of the following holds:
Y G0 X λ λ|TG0 p
G2 TG2 D6  X W(G2) λ1 p = 2
A2 S2 ω1 p = 2
A2 S2 aλ2 aω1 + aω2 p = 3
A˜2 S2 aλ1 aω1 + aω2 p = 3
F4 D4 1< X  S3 aλ1 + bλ2 bω1 + aω2 + bω3 + bω4 p = 2
D˜4 1< X  S3 aλ3 + bλ4 aω1 + bω2 + aω3 + aω4 p = 2
E6 T E6 X W(E6) satisﬁes‡ λ1 or λ6
A32 C3  X S3 10⊗ 00⊗ 01
C4 Z(E6) ω2 p > 3
A31 C3  X S3 × Ci3(∗) 2⊗ 0⊗ 2 p > 2
A2 1< X S2 × Z(E6) 2ω1 + 2ω2 p = 2,5
G2 Z(E6) 2ω1 p = 2,3,7
F4 Z(E6) (p − 3)λ1 or (p − 3)λ6 (p − 3)ω4 p > 3
F4 Z(E6) λ1 + (p − 2)λ3 or (p − 2)ω3 + ω4 p > 3
(p − 2)λ5 + λ6
E7 T E7 X W(E7) satisﬁes‡ λ7
A7 S2 ω2
A71 C7  X  L3(2) 1⊗ 1⊗ 1⊗ 0⊗ 0⊗ 0⊗ 0
D4 S2  X  (S22 · S3) × Z(E7) ω2 p 3
A2 S2  X  S2 × Z(E7) 6ω1 p 7
‡ The X-orbit of λ is equal to the W(Y )-orbit of λ.
(∗) i = 0 if p = 3 and i = 2 otherwise.
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subsystems of the root system of Y . The subgroup G0 = C4 < E6 is constructed in [31], G0 = A2 < E6
and G0 = G2 < E6 are constructed in [32]. The subgroup G0 = F4 < E6 is the ﬁxed point subgroup
of the graph automorphism of E6. The structure of G0 = A2 < E7 is given in [27] for p  7 and [22]
for p = 5. The subgroup G0 = D4 < E7 is constructed in [7]. In each of these cases except the case
G0 = TG2 < G2 (where NG2 (TG2 ) < NG2 (A2)), NY (G0) is a maximal subgroup of Y .
The subgroup G0 = A31 < E6 occurs in two ways: the ﬁrst corresponds to a subgroup of A32 < E6
where each subgroup A1 is irreducibly embedded in an A2 factor; the second corresponds to an A31-
subgroup of C4 < E6 which preserves the decomposition of the natural module for C4 as the tensor
product of three 2-dimensional mutually isometric subspaces.
The groups A2 < G2 and D4 < F4 are subgroups corresponding to the subsystem given by all long
roots. When p = 3 or 2 respectively, there is also a subgroup corresponding to the subsystem of short
roots and these are the subgroups in the theorem indicated by a tilde.
2. Preliminary results
Let Y be a simply connected simple algebraic group over an algebraically closed ﬁeld K of charac-
teristic p > 0. Let BY denote a Borel subgroup of Y and TY a maximal torus of BY . Let Σ(Y ) be the
root system of Y and X(TY ) the character group of TY . The commutative group X(TY ) will be written
additively. The euclidean space EY = R⊗Z X(TY ) is endowed with the inner product (.,.) such that for
each root α ∈ Σ(Y ) ⊂ EY , the reﬂection sα relative to α acts on EY as sα(λ) = λ − 2 (λ,α)(α,α)α, ∀λ ∈ EY .
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Σ(Y ) with respect to BY and TY and let λi be the fundamental dominant weight corresponding to αi .
Let W(Y ) denote the Weyl group of Y and L(Y ) the Lie algebra of Y . For each α ∈ Σ(Y ), L(Y )α is the
weight space of TY in L(Y ) of weight α. Let 0 = eα ∈ L(Y )α . We have L(Y ) = L(TY ) ⊕∑ Keα where
α ranges over Σ(Y ). The root subgroup Uα of Y associated to the root α is the unique connected
TY -stable unipotent subgroup of Y having Lie algebra L(Y )α . Fix an isomorphism xα : K → Uα such
that for all a ∈ K , t ∈ TY we have txα(a)t−1 = xα(α(t)a). Let φα : SL2(K ) 〈U−α,Uα〉 be the homo-
morphism under which φα
( 1 a
0 1
)= xα(a) and φα( 1 0a 1
)= x−α(a). For c ∈ K ∗ , set hα(c) = φα( c 00 c−1
)
and
nα(c) = φα
( 0 c
−c−1 0
)
. Then TY = {hα1(c1). . . . .hαl (cl) | ci ∈ K ∗} and nα(c) ∈ NY (TY ). For α,β ∈ Σ(Y ),
a ∈ K and c ∈ K ∗ we have hβ(c)xα(a)hβ(c)−1 = xα(c〈α,β〉a). For αi ∈ Π(Y ) we denote sαi by si and
nαi (1) by nαi . For r =
∑
aiαi ∈ Σ(Y ) \ Π(Y ), we write s(a1,...,al) for sr and n(a1,...,al) for nr(1).
Let Λ be the lattice of abstract weights in EY and Λ+ the set of dominant weights. Let e(Σ) be
the maximum of the squares of the ratios of the lengths of the roots in Σ(Y ). Then e(Σ) = 1 if Σ(Y )
is of type Al, Dl, E6, E7 or E8, e(Σ) = 2 if Σ(Y ) is of type Bl,Cl or F4 and e(Σ) = 3 if Σ(Y ) is of
type G2.
Let θ : Y → SL(V ) be a nontrivial ﬁnite dimensional irreducible rational representation with highest
weight λ =∑li=1 aiλi . Let Λ(V ) be the set of weights of TY which occur with nonzero multiplicity
in V . For μ ∈ Λ(V ), let VTY (μ) denote the subspace of V consisting of TY -weight vectors of weight
μ and m(μ) the multiplicity of the weight μ in W (λ), the Weyl module of highest weight λ. Write
μ  λ if μ = λ or μ = λ −∑li=1 ciαi with ci ∈ Z+ . We shall often write LY (λ) for the irreducible
rational KY -module with highest weight λ. If μ1, . . . ,μr are distinct dominant weights of TY and
m1, . . . ,mr positive integers, then μ
m1
1 / . . . /μ
mr
r denotes a rational KY -module which has composition
factor LY (μi) appearing with multiplicity mi for each i.
Theorem 2.1. (See [8].) If V is restricted then V is inﬁnitesimally irreducible, that is, the differential of θ affords
an irreducible representation of L(Y ).
Theorem2.2. (See [25].) If p > e(Σ) then the system of weights of an inﬁnitesimally irreducible representation
θ of Y with highest weight λ coincides with the system of weights of an irreducible complex representation θC
of L(Y ) with the same highest weight. In particular each dominant weight of the form λ −∑niαi with ni
nonnegative integer for 1 i  l is a dominant weight of the representation θ .
Deﬁnition 2.3. The weight λ is minimal if for all μ ∈ Λ+ , μ λ implies that μ = λ.
The nonzero minimal weights of the irreducible root systems Φ are as follow:
Al: λ1, . . . , λl, Bl: λl, Cl: λ1, Dl: λ1, λl−1, λl, E6: λ1, λ6, E7: λ7.
Lemma 2.4. Let V be restricted and assume p > e(Σ). Then NY (TY ) acts irreducibly on V if and only if λ is
minimal.
Proof. Set G = NY (TY ). Suppose that G acts irreducibly on V . Let μ ∈ Λ+ be a weight such
that μ  λ. Since V is restricted, V is inﬁnitesimally irreducible (2.1) so μ ∈ Λ(V ) (2.2). Then∑
w∈W(Y ) VTY (w · μ) is a nonzero proper KG-submodule of V , so is equal to V . Then μ and λ
lie in the same W(Y )-orbit and as both are dominant we deduce that μ = λ hence λ is minimal.
Conversely, if λ ∈ Λ+ is minimal then λ is the unique dominant weight in Λ(V ) and all weights
in Λ(V ) are W(Y )-conjugate. So V =∑w∈W(Y ) VTY (w · λ) is NY (TY )-irreducible. 
Lemma 2.5. (See [31, 1.30].) Let V be restricted, μ ∈ Λ(V ) and α ∈ Σ+(Y ). Assume 0 < 〈μ,α〉 < p, then
(i) μ − dα ∈ Λ(V ) for each 0 d 〈μ,α〉;
(ii) if α ∈ Π(Y ) then dim(VTY (λ − dα)) = 1 for 0 d 〈λ,α〉.
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for c,d > 0. Then 0 < dim(VTY (λ − α − β)) 2 and
(i) if ‖α‖2 = ‖β‖2 then dim(VTY (λ − α − β)) = 1 if and only if c + d = p − 1;
(ii) if ‖α‖2 = 2‖β‖2 then dim(VTY (λ − α − β)) = 1 if and only if 2c + d + 2 ∈ pZ;
(iii) if ‖α‖2 = 3‖β‖2 then dim(VTY (λ − α − β)) = 1 if and only if 3c + d + 3 ∈ pZ.
Proof. This follows from Freudenthal’s formula [14, 22.3] and the ﬁnal proposition of [2]. 
Lemma 2.7. Suppose Y is of type Al and λ = λ1 +λl . The multiplicity of the weight λ−α1 −· · ·−αl in LAl (λ)
is l if p  l + 1 and l − 1 if p | l + 1.
Proof. Recall that L(Al)  λ1 + λl if p  l + 1 and L(Al)  λ1 + λl/0 if p | l + 1. The result follows
since the weight space of weight λ − α1 − · · · − αl in L(Al) is the Lie algebra L(T Al ) and so has
dimension l. 
Lemma 2.8. Suppose Y is of type A3 and λ = aλ2 where 2 a < p. Then 1 dim(VTY (λ−α1 − 2α2 −α3))
 2.
Proof. For each r ∈ Σ+(Y ) set fr := e−r ∈ L(Y )−r . Set μ = λ − α1 − 2α2 − α3, then μ ∈ Λ(V ) by
2.2. Let v+ ∈ V be a maximal vector for BY and ﬁx an ordering {α1,α2,α3,α1 + α2,α2 + α3,
α1 + α2 + α3} for Σ+(Y ). The weight space VTY (μ) is spanned by the vectors v1 = fr2 fr1+r2+r3 v+ ,
v2 = fr1+r2 fr2+r3 v+ , v3 = fr1 fr2 fr2+r3 v+ and v4 = fr2 fr3 fr1+r2 v+ (Kostant’s Theorem [14, 26.4]). Us-
ing the structure constants Nr1,r2 = Nr1,r2+r3 = Nr1+r2,r3 = 1 (this choice is possible, see [4, 4.2.2]), we
get v3 = −v1 − v2 and v4 = v1. Then VTY (μ) is spanned by v1 and v2 and 1  dim(VTY (λ − α1 −
2α2 − α3)) 2. 
Lemma 2.9. (See [15, 31.6].) Recall that V = LY (λ).
(i) V ∗ is an irreducible rational K Y -module with highest weight−w0λ where w0 is the long word in W(Y ).
(ii) Y leaves invariant a non-degenerate bilinear form on V if and only if λ = −w0λ.
(iii) If Y has type Bl , Cl , Dl for l even, E7 , E8 , F4 or G2 , then Y necessarily stabilizes a non-degenerate bilinear
form on V .
(iv) If Y has type Al , Dl for l odd, or E6 , then Y stabilizes a non-degenerate bilinear form on V if and only if
λ = τλ, where τ is the graph automorphism of the Dynkin diagram of Σ(Y ).
Lemma 2.10. Let M be a closed subgroup of Y which acts irreducibly on V . Then M0 is reductive.
Proof. If Ru(M0) = 1 then the ﬁxed points V (Ru(M0)) of Ru(M0) on V afford a proper submodule of
V |M which contradicts the irreducibility. 
Let J ⊂ Π(Y ) and let PY be the standard parabolic subgroup of Y corresponding to J with unipo-
tent radical QY and Levi factor LY ; that is LY = 〈TY ,U±α | α ∈ J 〉 and QY is the product of root
subgroups Uα such that α has positive coeﬃcient of αi for some αi ∈ Π(Y ) − J . Let P−Y be the
opposite of PY with unipotent radical Q
−
Y . We recall the following deﬁnitions from [26]:
Deﬁnition 2.11. Let μ ∈ Λ(V ), say μ = λ −∑li=1 ciαi , with each ci  0. The Q −Y -level of μ is ∑ j c j ,
where the sum ranges over those j for which α j ∈ Π(Y ) − J .
Deﬁnition 2.12. For d ∈ N, the d-fold commutator of Q −Y with V , [(Q −Y )d, V ], is the Q −Y -submodule of
V generated by {q.v − v | q ∈ Q −Y , v ∈ [(Q −Y )d−1, V ]}, with [(Q −Y )0, V ] = V .
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(i) The ﬁxed points V (QY ) of Q Y on V afford an irreducible module for LY with highest weight λ.
(ii) V |LY = V (QY ) ⊕ [Q −Y , V ].
(iii) V /[QY , V ] is irreducible for LY . This quotient is LY -isomorphic to (V ∗(QY ))∗ .
(iv) V /[Q −Y , V ] is irreducible as a module for L′Y = 〈U±α | α ∈ J 〉 with highest weight λ|TY ∩L′Y .
(v) Assume that V is restricted and p > e(Σ). Then [(Q −Y )d, V ] is an LY -submodule of V , [(Q −Y )d, V ] =⊕
Vμ , the sum ranging over those weights μ having Q
−
Y -level at least d and [(Q −Y )d, V ]/[(Q −Y )d+1, V ]
is isomorphic to the direct sum of those weight spaces of V having Q −Y -level d.
Proof. The ﬁrst assertion is the result in [28]. For (ii) and (iii) see [26, 1.2(ii)]. For (iv) see [26, 2.1]
and for the last assertion see [26, 2.3]. 
Theorem 2.14. (See [1, 3.9].) Let U be a closed unipotent subgroup of Y . There exists a parabolic subgroup PY
of Y with unipotent radical Q Y such that U  QY and NY (U ) PY .
Lemma 2.15. (See [26, 2.10].) Let H be a simple closed subgroup of SL(V ) containing Y and embed P−Y in
a parabolic subgroup PH of H such that Q
−
Y  Q H := Ru(PH ) and TY  TH , a maximal torus of PH . Then
[Q −Y , V ] = [Q H , V ].
Let G be a closed disconnected subgroup of Y which acts irreducibly on V . By 2.10, G0 is reduc-
tive. Set D = [G0,G0] so D = D1 . . . Dr is a semisimple closed subgroup of Y where D1, . . . , Dr are
the simple components of D . Let BD j denote a Borel subgroup of D j and TD j a maximal torus of BD j
for 1 j  r. Set BD = BD1 . . . . .BDr a Borel subgroup of D and TD = TD1 . . . . .TDr a maximal torus of
BD . Let TG0 be a maximal torus of G
0 containing TD and set BG0 = 〈BD , TG0 〉. We may assume that
BG0  BY and TG0  TY . Let Σ(D) be the root system of D and X(TD) be the character group of TD .
We have similar notations as in EY for (.,.) and 〈.,.〉 in ED = R ⊗Z X(TD). Let Π(D) = {β1, . . . , βm}
be a base of Σ(D) with respect to BD and TD and let ωi be the fundamental dominant weight cor-
responding to βi . A weight
∑
ciωi with 0 ci  1 for all i ∈ {1, . . . ,m} will sometimes be denoted by
c1 . . . ci1 ⊗ · · · ⊗ cm−ir+1 . . . cm , where rank D j = i j . For β ∈ Σ(D), a ∈ K and c ∈ K ∗ we have similar
notations as for Y , for example sβ , xβ(a), φβ , nβ(c) and hβ(c). We have similar notations for the ra-
tional K D j-modules, for each 1 j  r as for the rational KY -modules. Let PD be a proper parabolic
subgroup of D with unipotent radical Q D and Levi factor LD . By 2.14 there exists a parabolic subgroup
PY of Y with unipotent radical QY such that PD  PY and Q D  QY .
Lemma 2.16. (See [30, Lemma 68].) The tensor product of irreducible K D j-modules is an irreducible K D-
module and every irreducible K D-module is uniquely realizable in this way.
Lemma 2.17. (See [26, 1.4].) Suppose that D acts irreducibly on V . The ﬁxed point spaces V (Q D) and V (QY )
are equal. So LD and LY are reductive groups both acting irreducibly on M = V (Q D) and up to conjugacy in
SL(M), the image of LD in SL(M) is contained in the image of LY .
Lemma 2.18. V |D is irreducible if and only if V |G0 is irreducible.
Proof. Recall that R(G0) = Z(G0)0 is a torus which has a ﬁnite intersection with D and that G0 =
D.R(G0). We write V =⊕ Vμ , μ ranging over the weights of R(G0) in V . For each such weight μ
and for each K D-submodule W of V |D , we have W ∩ Vμ is a KG0-submodule of V as R(G0) cen-
tralizes D . If D acts reducibly on V then let W be an irreducible submodule of V |D . There exists a
weight μ of R(G0) in V such that W ∩ Vμ = W , hence W is a proper submodule of V |G0 and V |G0
is reducible.
If V |G0 is reducible then directly V |D is reducible. 
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Moreover |G/G0| is divisible by t.
Proof. Since G  NY (G0) and V |G is irreducible, it follows from [6, Theorem 1] that V |G0 = V1 ⊕
· · · ⊕ Vt where the Vi are KG0-irreducible modules and are conjugate by G . The group G/G0 acts
transitively on the ﬁnite set {V1, . . . , Vt} so t divides |G/G0|. 
Suppose that λ|TG0 is the highest weight of the composition factor V1 of V |G0 . For 1 i  t , there
exists gi ∈ G such that gi · V1 = Vi . Let v+ be a maximal vector for BY in V . We can suppose that
gi ∈ NG(BG0) ∩ NG(TG0 ) so gi · v+ is a maximal vector for BG0 in Vi . If gi ∈ NY (TY ) then let wi be
the image of gi in W(Y ) hence (wi · λ)|TG0 is the highest weight of Vi .
Lemma 2.20. Let w ∈ W(Y ) be such that w ·λ = λ−∑li=1 biαi . If bi < ai for some i ∈ {1, . . . , l} then bi = 0.
Proof. We argue by contradiction. Choose w ∈ W(Y ) such that w ·λ = λ−∑li=1biαi where ∑li=1bi is
minimal and there exists i0 ∈ {1, . . . , l} with 0 < bi0 < ai0 . For j ∈ {1, . . . , l}, s jw · λ = λ −
∑l
i=1biαi −〈w · λ,α j〉α j . The coeﬃcients of α j and αi (for i = j) in λ − s jw · λ are respectively b j + 〈w · λ,α j〉
and bi .
(i) For j = i0, as 0 < bi0 < ai0 , minimality of
∑l
i=1bi implies 〈w · λ,α j〉 0.
(ii) If j = i0 and 〈w · λ,αi0 〉 < 0, then
∑l
i=1bi + 〈w · λ,αi0 〉 <
∑l
i=1bi and 0  bi0 + 〈w · λ,αi0 〉 <
bi0 < ai0 . By minimality, we get 〈w · λ,αi0 〉 + bi0 = 0 so ai0 −
∑l
i=1bi〈αi,αi0 〉 = −bi0 and∑l
i=1, i =i0 bi〈αi,αi0〉 = ai0 −bi0 > 0, which is impossible as bi  0 and 〈αi,αi0 〉 0, ∀i ∈ {1, . . . , l},
i = i0.
So 〈w · λ,α j〉 0 for all j ∈ {1, . . . , l}. Then w · λ is a dominant weight which is also W(Y )-conjugate
to λ, so w · λ = λ which contradicts our assumption. 
Lemma 2.21. (See [4, 12.2.3].) Suppose D is simple and that all roots of Σ(D) have the same length. Let r → r¯
be a map ofΣ(D) into itself arising from a symmetry of the Dynkin diagram of D. There exist numbers γr = ±1
such that the map xr(a) → xr¯(γra) can be extended to an automorphism of D. The γr can be chosen so that
γr = 1 if r ∈ Π(D) or −r ∈ Π(D).
Corollary 2.22. Let D be as in 2.21 and let n be in NY (D) such that n induces a graph automorphism on
D arising from a symmetry σ of the Dynkin diagram of D. Then for each r ∈ Π(D) and c ∈ K ∗ we have
nhr(c)n−1 = hσ(r)(c).
Proof. We can suppose that n ∈ NY (D)∩ NY (BD)∩ NY (TD). Then nUrn−1 = Uσ(r) and by 2.21 we can
suppose that nxr(c)n−1 = xσ(r)(c). The result follows since nr(c) = xr(c)x−r(−c−1)xr(c) and hr(c) =
nr(c)nr(−1). 
If H is an algebraic group with reductive identity component H0, Φ is a root system and F is a
ﬁnite group, then we write H = Φ · F to mean that H0 has root system isomorphic to Φ , H/H0 is
isomorphic to F  Out(H0) and H is isomorphic to an extension of H0 by F , and we write H Φ · F
to mean that H is isomorphic to a subgroup of Φ · F .
Theorem 2.23. (See [22, Corollary 2(i)].) Let H be a simple algebraic group of exceptional type and M a
disconnected positive dimensional closed subgroup of Y with M0 reductive. Assume H is of adjoint type, then
M is maximal in Y if and only if M appears in the following table:
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G2 A2 · S2, A˜2 · S2 (p = 3)
F4 D4 · S3, D˜4 · S3 (p = 2), A2 A˜2 · S2
E6 A2 · S2 (p > 3), A2G2 · S2, A32 · S3, D4T2 · S3, T E6 · W(E6)
E7 A2 · S2 (p > 3), (S22 × D4) · S3 (p > 2), A7 · S2, A2A5 · S2,
A31D4 · S3, A71 · L3(2), E6T1 · S2, T E7 · W(E7)
E8 A1 · S5 (p > 5), A1A2 · S2 (p > 3), A1G2G2 · S2 (p > 2), A8 · S2,
A2E6 · S2, A24 · C4, D24 · (S3 × S2), A42 · GL2(3), A81 · AGL3(2), T8 · W(E8)
Hypothesis. Henceforth we suppose that Y is of exceptional type, V is a nontrivial restricted irre-
ducible KY -module with highest weight λ =∑li=1 aiλi and G is a disconnected positive dimensional
closed subgroup of Y which acts irreducibly on V , so G0 is reductive.
3. Maximal subgroups in G2
In this section, we establish the Main Theorem under the additional conditions that Y has type G2,
G is maximal in Y and V |G0 is reducible. Our result is the following:
Proposition 3.1. V |G is irreducible if and only if G = A2 · S2 , λ = λ1 , p = 2 and up to conjugacy λ|TG0 = ω1 .
The disconnected maximal subgroups of G2 are listed in 2.23. Let G be such a subgroup.
Lemma 3.2. If G = A2 · S2 , then V |G is irreducible if and only if λ = λ1 and p = 2. Moreover in this case, up
to conjugacy, λ|TG0 = ω1 .
Proof. Up to conjugacy we can take Π(G0) = {β1, β2} where β1 = 3α1 + α2 and β2 = α2 so G =
G0 · 〈nα1 〉.
Suppose that G acts irreducibly on V . Since V |G0 is reducible we get, by 2.19, V |G0 = V1 ⊕ (nα1 ·
V1) ∼= LA2 (λ|T A2 ) ⊕ LA2 (ν|T A2 ) where ν|T A2 = λ|T A2 − a13 β1 + a13 β2. Note that two weights in Λ(V )
which have the same restriction in V |G0 are equal so λ|T A2 occurs with multiplicity 1 in V |G0 and
a1  1.
Suppose p > 3. If a1  2, then μ = λ − α1 ∈ Λ(V ) by 2.2, μ|T A2 = λ|T A2 − 13 (β1 − β2) / ζ|T A2 for
ζ ∈ {λ,ν} which is impossible. If a1 = 1, then μ = λ− 2α1 −α2 ∈ Λ(V ) by 2.2, μ|T A2 = λ|T A2 − 23β1 −
1
3β2  ζ|T A2 for ζ ∈ {λ,ν} which is impossible.
Suppose p = 3 then a1 = 1 or 2 and a2 ∈ {0,1,2}. One checks using [24] that dim(LG2 (λ)) =
2 · dim(LA2 (λ|T A2 )) which is impossible.
Suppose p = 2. If λ = λ1 +λ2 then dim(LG2 (λ)) = 2 ·dim(LA2 (λ|T A2 )) which is impossible. If λ = λ1
then λ|T A2 = ω1, dim(LG2 (λ1)) = 2 · dim(LA2 (ω1)), V |G0 = LA2 (ω1) ⊕ LA2 (ω2) and G acts irreducibly
on V . 
Lemma 3.3. If G = A˜2 · S2 where p = 3, then V |G is reducible.
Proof. Up to conjugacy we can take Π(G0) = {β1, β2} where β1 = α1 and β2 = α1 + α2 so G =
G0 · 〈nα2 〉. If G acts irreducibly on V , then V |G0 = V1 ⊕ nα2 · V1 where V1 ∼= LA2 (λ|T A˜2 ). One checks
using [24] that dim(LG2 (λ)) = 2 · dim(LA2 (λ|T A˜2 )) which is impossible. So G acts reducibly on V . 
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In this section, we establish the Main Theorem under the additional conditions that Y has type
F4, G is maximal in Y and V |G0 is reducible. Our result is the following:
Proposition 4.1. There is no maximal positive dimensional subgroup G of Y such that G acts irreducibly on V
and V |G0 is reducible.
The disconnected maximal subgroups of F4 are listed in 2.23. Let G be such a subgroup.
Lemma 4.2. If G = D4 · S3 , then V |G is reducible.
Proof. Up to conjugacy we can take Π(G0) = {β1, β2, β3, β4} where β1 = α2 + 2α3 + 2α4, β2 =
α1, β3 = α2 and β4 = α2 + 2α3, so G = G0 · 〈nα3 ,nα4 〉 and G/G0 = W = 〈s3, s4〉W(F4).
Suppose that G acts irreducibly on V then, by 2.19, V |G0 = V1 ⊕ · · · ⊕ Vt where V1 ∼= LD4 (λ|TD4 ),
Vi ∼= LD4 ((wi · λ)|TD4 ) for some wi ∈ W and t = 2,3 or 6. Note that λ|TD4 occurs with multiplicity 1
in V |G0 .
• If a3 = a4 = 0, then W · λ|TD4 = {λ|TD4 } and V |G0 = V1 must be irreducible which contradicts our
assumption.
• If a3  1 and a4 = 0, then V |G0 = V1 ⊕ V2 ⊕ V3 where V1 ∼= LD4 (λ|TD4 ), V2 ∼= LD4(λ|TD4 + a32 β3 −
a3
2 β4) and V3
∼= LD4 (λ|TD4 − a32 β1 + a32 β3). The weight μ = λ − α3 ∈ Λ(V ) (2.5) and μ|TD4 =
λ|TD4 + 12β3 − 12β4 occurs in V |G0 if and only if a3 = 1, so we get λ = a1λ1 + a2λ2 + λ3.
If p > 2 then μ = λ − α2 − 2α3 − α4 ∈ Λ(V ) (2.2) and μ|TD4 = λ|TD4 − 12β1 − 12β4 / (wi · λ)|TD4
for all wi ∈ W which is impossible.
If p = 2 and a2 = 1 then ν = λ − α2 − α3 occurs with multiplicity 2 in Λ(V ) (2.6) and ν|TD4 =
λ|TD4 − 12 (β3 + β4) occurs with multiplicity at most 1 in V |G0 which is impossible. If p = 2 and
λ = λ1 + λ3 or λ = λ3, then one checks using [24] that dim(LF4 (λ)) = 3 · dim(LD4(λ|TD4 )) which
is impossible.
• If a3 = 0 and a4  1, then V |G0 = V1 ⊕ V2 ⊕ V3 where V1 ∼= LD4 (λ|TD4 ), V2 ∼= LD4(λ|TD4 − a42 β1 +
a4
2 β4) and V3
∼= LD4(λ|TD4 − a42 β1 + a42 β3). As before we get λ = a1λ1 + a2λ2 + λ4.
Suppose p > 2. If a2  1 then μ = λ−α2−α3 ∈ Λ(V ) and μ|TD4 = λ|TD4 − 12 (β3+β4)/ (wi ·λ)|TD4
for all wi ∈ W which is impossible. If a1  1 then μ = λ − α1 − α2 − α3 ∈ Λ(V ) by 2.2 and
μ|TD4 = λ|TD4 − β2 − 12 (β3 + β4) / (wi · λ)|TD4 for all wi ∈ W which is impossible. If λ = λ4 then
dim(V ) is not divisible by 3 [24] which is impossible.
Suppose p = 2. If λ = λ1 + λ2 + λ4 then μ = λ − α2 − α3 − α4 occurs with multiplicity 2 in
Λ(V ) [3, p. 167] and μ|TD4 = λ|TD4 − 12 (β1 + β3) occurs with multiplicity at most 1 in V |G0
which is impossible. If λ = λ4, λ1 + λ4 or λ2 + λ4, then dim(LF4(λ)) = 3 · dim(LD4 (λ|TD4 )) which
is impossible.
• If a3 = 0 = a4 then (wi · λ)|TD4 is a weight of a composition factor of V |G0 for each wi ∈ W and
they are pairwise distinct. By 2.6, the weight μ = λ − α3 − α4 ∈ Λ(V ). Since μ|TD4 = λ|TD4 −
1
2β1 + 12β3, we get μ|TD4 / (wi · λ)|TD4 for all wi ∈ W which is impossible.
Hence G acts reducibly on V . 
Lemma 4.3. If G = D˜4 · S3 where p = 2, then V |G is reducible.
Proof. Up to conjugacy we can take Π(G0) = {β1, β2, β3, β4} where β1 = α1 +α2 +α3, β2 = α4, β3 =
α3 and β4 = α2 + α3, so G = G0 · 〈nα1 ,nα2 〉 and G/G0 = W = 〈s1, s2〉  W(F4). Let τ be the auto-
morphism of Y described in [4, 12.3.3]. Then τ (D˜4) = D4, where D4 (respectively G0 = D˜4) is the
subgroup of Y corresponding to the subsystem given by all long roots (respectively short roots) of Y .
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Y → SL(V ) is an irreducible representation of Y with highest weight a4λ1 + a3λ2 + 2(a2λ3 + a1λ4)
and θ ◦ τ (Y )  SL(V1 ⊗ V 22 ) where V1 ∼= LF4(a4λ1 + a3λ2) and V2 ∼= LF4(a2λ3 + a1λ4). A weight λ −∑4
i=1 ciαi in Λ(V ) restricts in V1 ⊗ V 22 to a4λ1 +a3λ2 +2a2λ3 +2a1λ4 − c4α1 − c3α2 −2c2α3 −2c1α4.
Suppose that G acts irreducibly on V under the representation θ , then G acts irreducibly on V1 ⊗ V 22
under θ ◦ τ and so on V1 and V2 [29, 1.1]. Since V |G0 is reducible, we deduce that G0 acts reducibly
on V1 ⊗ V 22 . We claim that G0 acts reducibly on V1 or V2: suppose that G0 acts irreducibly on V1
and V2, then V1 ∼= LD4(μ) and V2 ∼= LD4 (ν), where μ = (a4λ1 + a3λ2)|T D˜4 and ν = (a2λ3 + a1λ4)|T D˜4 .
Each weight of T D˜4 in (V1 ⊗ V 22 )|G0 has the form μ+ 2ν −
∑4
i=1 diβi where di ∈ N. The weights s3 · λ
and s4 · λ of T F4 in V restrict in (V1 ⊗ V 22 )|G0 to μ + 2ν + a3β3 − a3β4 and μ + 2ν − a4β1 + a4β4
respectively. We deduce that a3 = a4 = 0 and (V1 ⊗ V 22 )|G0 ∼= V22|G0 must be irreducible which contra-
dicts our assumption. So G0 acts reducibly on V1 or V2, and G acts irreducibly on V1 and V2 which
are KY -restricted. This is impossible by the above lemma hence V |G is reducible. 
Lemma 4.4. If G = A2 A˜2 · S2 then V |G is reducible.
Proof. We have G0 = D1D2 where D1 = A2 and D2 = A˜2. So Π(G0) = Π(D1) ∪ Π(D2) and up to
conjugacy we can take Π(D1) = {β1, β2}, Π(D2) = {β3, β4} where β1 = α1, β2 = α1 + 3α2 + 4α3 +
2α4, β3 = α3 and β4 = α4. Set w = s1.s(1,3,4,2).s1.s3.s4.s3.w0 where w0 is the long word in W(F4),
so G/G0 = 〈w〉W(F4).
Suppose that G acts irreducibly on V . Then V |G0 ∼= (LA2 (λ|TD1 ) ⊗ LA2 (λ|TD2 )) ⊕ (LA2 ((w · λ)|TD1 ) ⊗
LA2 ((w · λ)|TD2 )) where (w · λ)|TG0 = λ|TG0 + 3a2+2a3+a43 (β1 − β2) + −a3+a43 (β3 − β4).
Set μ2 = λ−α2 and μi = λ−α2 −αi for i = 1 or 3. Taking i = 2,3 and 1 successively, one checks
that if ai  1 then μi ∈ Λ(V ) and μi |TG0 / ζ|TG0 for ζ ∈ {λ,w · λ} which is impossible.
So λ = a4λ4, μ = λ−α2−α3−α4 ∈ Λ(V ), μ|TG0 /λ|TG0 and μ|TG0  (w ·λ)|TG0 if and only if a4 = 1.
We deduce that λ = λ4 so λ|TG0 = ω2 + ω4. Since dim(LF4(λ)) = 2 · dim(LA2 (λ|TD1 ) ⊗ LA2 (λ|TD2 )), V |G
must be reducible. 
5. Maximal subgroups in E6
In this section, we establish the Main Theorem under the additional conditions that Y has type
E6, G is maximal in Y and V |G0 is reducible. Our result is the following:
Proposition 5.1. V |G is irreducible if and only if λ = λ1 or λ6 and one of the following holds:
(i) G = A32 · S3 and up to conjugacy λ|TG0 = 10⊗ 00⊗ 01;
(ii) G = T E6 · W(E6).
Let Yad = Y /Z(E6) be a simple algebraic group of adjoint type over K such that Y is a simply
connected cover of Yad . Set Gad = G/Z(E6). Then Gad is a maximal positive dimensional subgroup
of Yad and thus is one of the maximal subgroups of E6 listed in 2.23. If Gad is connected then
G = G0 · Z(E6) and G0 acts irreducibly on V , which contradicts our assumption. So we consider the
cases where Gad is a disconnected maximal positive dimensional subgroup of Yad . Let Gad be such a
subgroup.
Lemma 5.2. If Gad = A2 · S2 where p = 2,3, then V |G is reducible.
Proof. Set Π(G0) = {β1, β2} where G0 = A2. The root subgroups of G0 are deﬁned in [32, Proposi-
tion (A.1)]. For c ∈ K ∗ we have
hβ1(c) = hα1
(
c2
)
hα2(c)hα3
(
c2
)
hα5
(
c2
)
hα6
(
c2
)
,
hβ2(c) = hα1
(
c2
)
hα2
(
c4
)
hα3
(
c5
)
hα4
(
c9
)
hα5
(
c5
)
hα6
(
c2
)
.
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of A2. By 2.22 we get nhβ1(c)n
−1 = hβ2(c) and nhβ2(c)n−1 = hβ1(c), for all c ∈ K ∗ . Set w = nTE6 ∈
W(E6).
Suppose that G acts irreducibly on V , then V |G0 ∼= LA2 (λ|T A2 )⊕ LA2 ((w ·λ)|T A2 ) where (w ·λ)|T A2 =
λ|T A2 + (a2 + a3 + 3a4 + a5)(β1 − β2).
If a4  1, then μ = λ − α4 ∈ Λ(V ) and μ|T A2 = λ|T A2 + 2β1 − β2 / ζ|T A2 for ζ ∈ {λ,w · λ} which is
impossible. So a4 = 0.
For i ∈ {2,3,5}, if ai  1 then μi = λ − αi ∈ Λ(V ) and μi |T A2 = λ|T A2 − β1 occurs with multiplicity
at most 1 in V |G0 . Since (λ − α1)|T A2 = (λ − α6)|T A2 = λ|T A2 − β1, we deduce that λ = aiλi . Set νi =
λ − αi − α4. Then νi ∈ Λ(V ) and νi |T A2 = λ|T A2 + β1 − β2 occurs in V |G0 if and only if ai = 1, we
deduce that λ = λi . If λ = λ2 then V is the Lie algebra of E6 and G stabilizes the subalgebra L(G) of
V . If λ = λ3 or λ5 then dim(LE6 (λ)) is odd [24] which is impossible.
So λ = a1λ1 + a6λ6 and λ|T A2 = (w · λ)|T A2 = 2(a1 + a6)(ω1 + ω2).
If a1 > a6  1, then λ − 2α1, λ − α1 − α3 and λ − α5 − α6 ∈ Λ(V ) and all restrict in V |G0 to
λ|T A2 − 2β1 which occurs with multiplicity at most 1 in LA2 (λ|T A2 ), this is impossible. For similar
reasons, λ = a1λ1 + a6λ6 where a6 > a1  1.
If λ = λ1 + λ6 then dim(V ) > 2 · dim(LA2 (λ|T A2 )) [24] which is impossible.
If λ = a1λ1 with a1  4, then λ − 4α1, λ − 3α1 − α3 and λ − 2α1 − 2α3 ∈ Λ(V ) and all restrict
in V |G0 to λ|T A2 − 4β1 which occurs with multiplicity at most 1 in LA2 (λ|T A2 ), this is impossible. If
λ = a1λ1 with a1  3, then dim(V ) = 2 · dim(LA2 (λ|T A2 )) [24] which is impossible. Similarly we get
λ = a6λ6. Hence V |G is reducible. 
Lemma 5.3. If Gad = A2G2 · S2 , then V |G is reducible.
Proof. We have G0 = D1D2 where D1 = A2 and D2 = G2. So Π(G0) = Π(D1) ∪ Π(D2) where
Π(D1) = {β1, β2} and Π(D2) = {β3, β4}.
In what follows, we recall the construction of [27, 3.15]. Set E = CY (T A2 )′ . Then E ∼= D4 and
up to conjugacy we can take Π(E) = {α2,α3,α4,α5} to be a base of the root system of E .
We get T A2 = CY (E) = R1 × R2 where R1 and R2 are 1-dimensional tori and consist of ele-
ments R1(c) and R2(c) where R1(c) = hα1(c2).hα2 (c3).hα3 (c4).hα4 (c6).hα5(c5).hα6 (c4) and R2(c) =
hα1(c
4).hα2 (c
3).hα3 (c
5).hα4 (c
6).hα5 (c
4).hα6 (c
2). Let R3  T A2 be the torus consisting of elements
R3(c) = R1(c−1)R2(c). For i = 1,2 and 3, set Fi = CY (Ri) then E < F ′i ∼= D5. We have F ′1 = 〈E,U±α1 〉,
F ′2 = 〈E,U±α6 〉 and F ′3 = 〈E,U±(α1+α3+α4+α5+α6)〉. Recall that an algebraic group of type D5 with
base {γ1, . . . , γ5} contains a subgroup of type A1 × B3 where, by [33, p. 67], a maximal torus of
A1 is generated by {hγ1+γ2+γ3+γ4 (c).hγ1+γ2+γ3+γ5 (c) | c ∈ K ∗}. We have G2 = CE (τ ), where τ is
a triality graph automorphism of E . Since G2 < B3 < E we get CFi (G2) = A1 for i = 1,2,3 and〈T A2 ,CFi (G2), τ | i = 1,2,3〉◦ = A2. As CF1 (G2) and CF2 (G2) do not commute and generate A2 we
can take
hβ1(c) = hα1
(
c2
)
.hα2(c).hα3
(
c2
)
.hα4
(
c2
)
.hα5(c),
hβ2(c) = hα2(c).hα3(c).hα4
(
c2
)
.hα5
(
c2
)
.hα6
(
c2
)
,
hβ3(c) = hα2(c).hα3(c).hα5(c) and hβ4(c) = hα4(c).
By [22, p. 3], there is an element n ∈ NE6 (A2G2) which induces a nontrivial graph automorphism on
the A2 factor and centralizes the G2 factor so nhβ1(c)n
−1 = hβ2(c), nhβ2 (c)n−1 = hβ1 (c), for all c ∈ K ∗ .
Suppose that G acts irreducibly on V , then V |G0 ∼= (LA2 (λ|T A2 ) ⊗ LG2(λ|TG2 )) ⊕ (LA2 (ν|T A2 ) ⊗
LG2(ν|TG2 )) where ν|TG0 = λ|TG0 + 13 (−2a1 − a3 + a5 + 2a6)(β1 − β2).
Set μ1 = λ − α1, μ2 = λ − α1 − α2 − · · · − α6, μ3 = λ − α1 − α3, μ4 = λ − α1 − α3 − α4, μ5 =
λ−α5 −α6 and μ6 = λ−α6. Taking i = 1,3,4,6,5 and 2 successively, one checks that if ai  1 then
μi ∈ Λ(V ) and μi |TG0 / ζ|TG0 for ζ ∈ {λ,ν} which is impossible. Hence G acts reducibly on V . 
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Moreover in this case, up to conjugacy, λ|TG0 = 10⊗ 00⊗ 01.
Proof. We have G0 = D1D2D3 where Di = A2 and Z(E6) < G0. So Π(G0) = {β1, β2} ∪ {β3, β4} ∪
{β5, β6} and up to conjugacy we can take β1 = α1, β2 = α3, β3 = α5, β4 = α6, β5 = α2 and β6 =
α1 + α2 + 2α3 + 3α4 + 2α5 + α6.
Let w0 be the long word in W(E6) and let w ′0 be the long word in the Weyl subgroup W(D5) with
fundamental system {α2,α3,α4,α5,α6}. Set w = s(1,1,2,3,2,1)s(1,2,2,3,2,1), t = ws1s3s1s2s(1,2,2,3,2,1)s2 ×
s(0,1,1,1,1,0)s(0,0,0,1,1,0)s(0,1,1,2,1,1)w−1 and s = ww ′0w0w−1. Then t and s act on Π(G0) as
(β1β6)(β2β5)(β3β4) and (β1β4β5)(β2β3β6) respectively and G/G0 = W = 〈t, s〉W(E6).
Suppose that G acts irreducibly on V , then V |G0 = V1 ⊕ · · · ⊕ Vn where n = 2,3 or 6, V1 ∼=
LA2 (λ|TD1 )⊗ LA2 (λ|TD2 )⊗ LA2(λ|TD3 ) and Vi ∼= LA2 ((wi ·λ)|TD1 )⊗ LA2 ((wi ·λ)|TD2 )⊗ LA2 ((wi ·λ)|TD3 ) for
some wi ∈ W . Note that, since G0 is a maximal rank subgroup of Y , λ|TG0 occurs with multiplicity 1
in V |G0 .
• If n = 2, then λ = s ·λ = s2 ·λ so ai = 0, ∀i ∈ {1, . . . ,6} and λ = 0 which contradicts our hypothesis.
• If n = 3, then V |G0 = V1 ⊕ V2 ⊕ V3 where V2 = V s1 and V3 = V s
2
1 . One of the following holds:
(i) t · λ = λ so λ = a1λ1. Since μ = λ − α1 − α3 − α4 ∈ Λ(V ), and α4,α3 + α4,α1 + α3 + α4 /∈
Σ(G0), μ|TG0 must be the highest weight of a composition factor of V |G0 . So μ = ts · λ =
s2 · λ = λ − (α1 + α3 + α4) and a1 = 1. We get V1 = LA2 (10) ⊗ LA2 (00) ⊗ LA2 (01), V2 =
LA2 (00)⊗ LA2 (10)⊗ LA2 (10), V3 = LA2 (01)⊗ LA2 (01)⊗ LA2 (00) and G acts irreducibly on V .
(ii) st · λ = λ. As before we get λ = λ6, V1 = LA2 (00) ⊗ LA2 (01) ⊗ LA2 (01), V2 = LA2 (10) ⊗
LA2 (10) ⊗ LA2 (00), V3 = LA2 (01) ⊗ LA2 (00) ⊗ LA2 (10) and G acts irreducibly on V .
(iii) ts · λ = λ so λ = a2λ2, t · λ = s · λ = λ − a2(2α2 + α3 + 3α4 + 2α5 + α6) and st · λ = s2 · λ =
λ − a2(α1 + 2α2 + 2α3 + 3α4 +α5). Since μ = λ −α2 −α4 ∈ Λ(V ) and α4,α2 +α4 /∈ Σ(G0),
μ|TG0 must be the highest weight of a composition factor of V |G0 which is impossible.• If n = 6 then (wi · λ)|TG0 is the highest weight of a composition factor of V |G0 for each wi ∈ W
and they are pairwise distinct.
If a4  1 then μ = λ−α4 ∈ Λ(V ) and μ|TG0 is the highest weight of a composition factor of V |G0
which is impossible. So a4 = 0.
For i ∈ {2,3,5}, if ai  1, then μ = λ − αi − α4 ∈ Λ(V ) and μ|TG0 is the highest weight of a
composition factor of V |G0 which is impossible. So ai = 0.
If a1  1 then μ = λ − α1 − α3 − α4 ∈ Λ(V ) and μ|TG0 is the highest weight of a composition
factor of V |G0 . This forces λ = λ1 but dim(LE6 (λ1)) = 27 is not divisible by 6, which is impossible.
Similarly we get λ = a6λ6. 
Lemma 5.5. If Gad = D4T2 · S3 , then V |G is reducible.
Proof. We have G0 = D4T2 and Z(E6) < G0. Up to conjugacy we can take Π(G0) = {β1, β2, β3, β4}
where β1 = α2, β2 = α4, β3 = α3 and β4 = α5. Set w = s1.s3.s6.s5.s4.s2.s3, t = w.s1.s4.w−1 and
s = w.s5.s6.s4.s5.s3.s1.s4.s5.w−1. Then t and s act on Π(G0) as (β1β3)(β2)(β4) and (β1β3β4)(β2) re-
spectively and G/G0 = W = 〈t, s〉W(E6). Let P be the opposite of the standard parabolic subgroup
of Y corresponding to Π(G0). Then P = Q G0 where G0 is the Levi factor of P and Q is the product
of root subgroups Uα such that α has negative coeﬃcient of α1 or α6. Suppose that G acts irreducibly
on V , then V |G0 = V1 ⊕· · ·⊕ Vn where V1 is an irreducible KG0-module, V1|D4 ∼= LD4(λ|TD4 ), Vi |D4 ∼=
LD4 ((wi ·λ)|TD4 ) for some wi ∈ W and n = 2,3 or 6. Moreover V |G0 ∼=
∑
d0[Q d, V ]/[Q d+1, V ], where
V /[Q , V ] is irreducible as module for D4 with highest weight λ|TD4 (2.13(iv)). Recall that the Q -level
of a weight μ = λ −∑6i=1 ciαi ∈ Λ(V ) is c1 + c6 and that [Q d, V ]/[Q d+1, V ] is isomorphic to the di-
rect sum of those weight spaces of V having Q -level d (2.13(v)). So V1 ∼= V /[Q , V ] and, using 2.2, all
weights in Λ(V ) have Q -level  5. Since the Q -level of s · λ is 2a1 + 3a2 + 4a3 + 6a4 + 5a5 + 4a6, the
only cases which can occur are λ = λi for i = 1,2,3,5,6, λ = 2λ1 or λ1 + λ2. In all above cases one
checks using [24] that dim(V ) > 6 · dim(V1), which is impossible. Hence G acts reducibly on V . 
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Proof. We have G0 = T E6 , Z(E6) < G0 and G = NE6 (T E6 ). The result follows from 2.4. 
6. Maximal subgroups in E7
In this section, we establish the Main Theorem under the additional conditions that Y has type E7,
G is maximal in Y and V |G0 is reducible. Our result is the following:
Proposition 6.1. V |G is irreducible if and only if λ = λ7 and one of the following holds:
(i) G = (A2 · S2) × Z(E7), p  7 and, up to conjugacy, λ|TG0 = 6ω1 .
(ii) G = ((S22 × D4) · S3) × Z(E7), p = 2 and λ|TG0 = ω2 .
(iii) G = A7 · S2 and, up to conjugacy, λ|TG0 = ω2 .
(iv) G = A71 · L3(2) and, up to conjugacy, λ|TG0 = 1⊗ 1⊗ 1⊗ 0⊗ 0⊗ 0⊗ 0.
(v) G = T E7 · W(E7).
Let Yad = Y /Z(E7) be a simple algebraic group of adjoint type over K such that Y is a simply
connected cover of Yad . Set Gad = G/Z(E7). Then Gad is a maximal positive dimensional subgroup of
Yad and thus is one of the maximal subgroups of E7 listed in 2.23. As in the previous section, we
consider the cases where Gad is a disconnected maximal positive dimensional subgroup of Yad . Let
Gad be such a subgroup.
Lemma 6.2. If Gad = A2 · S2 where p = 2,3, then G = Gad × Z(E7) and V |G is irreducible if and only if
λ = λ7 with p = 5. Moreover in this case, up to conjugacy, λ|TG0 = 6ω1 .
Proof. Set Π(G0) = {β1, β2} where G0 = A2. Using [27, 5.8] for p  7 and [22, 4.1.3] for p = 5 we get,
up to conjugacy,
hβ1(c) = hα1
(
c4
)
hα2
(
c7
)
hα3
(
c9
)
hα4
(
c15
)
hα5
(
c15
)
hα6
(
c10
)
hα7
(
c6
)
,
hβ2(c) = hα1
(
c4
)
hα2
(
c4
)
hα3
(
c6
)
hα4
(
c6
)
hα6(c).
By [20, 8.1], there is an involution n ∈ NE7 (A2) which induces a nontrivial graph automorphism of A2
so nhβ1 (c)n
−1 = hβ2 (c) and nhβ2 (c)n−1 = hβ1 (c).
Suppose that G acts irreducibly on V , then V |G0 ∼= LA2 (λ|T A2 ) ⊕ LA2 (ν|T A2 ) where ν|T A2 = λ|T A2 +
(a2 + a3 + 3a4 + 5a5 + 3a6 + 2a7)(−β1 + β2).
If a5  1 then μ = λ − α5 ∈ Λ(V ) and μ|T A2 = λ|T A2 − β1 + 3β2 / ζ|T A2 for ζ ∈ {λ,ν} which is
impossible.
Suppose a7 = 0. For i ∈ {2,3,4,6}, if ai  1, then μi = λ−αi ∈ Λ(V ) and μi |T A2 = λ|T A2 −β2 occurs
with multiplicity at most 1 in V |G0 . Since (λ − α1)|T A2 = λ|T A2 − β2 we deduce that λ = aiλi .
If i = 4 or 6, then μ = λ−αi −α5 ∈ Λ(V ) and μ|T A2 = λ|T A2 −β1 +2β2 / ζ|T A2 for ζ ∈ {λ,ν} which
is impossible.
If i = 3 then λ − α3 − α1 and λ − α3 − α4 ∈ Λ(V ) and both restrict in V |G0 to λ|T A2 − 2β2 which
occurs with multiplicity at most 1 in V |G0 , this is impossible.
If i = 2 with a2  2, then λ− 2α2 and λ−α2 −α4 ∈ Λ(V ) and both restrict in V |G0 to λ|T A2 − 2β2
which occurs with multiplicity at most 1 in V |G0 , this is impossible.
If λ = a1λ1 with a1  3, then λ−3α1, λ−2α1 −α3 and λ−α1 −α3 −α4 ∈ Λ(V ) and all restrict in
V |G0 to λ|T A2 − 3β1 which occurs with multiplicity at most 2 in V |G0 , this is impossible. If λ = λ2,2λ1
or λ1 then dim(V ) = 2 · dim(LA2 (λ|T A2 )) [24] which is impossible.
Suppose now a7  1. Then μ = λ − α7 − α6 − α5 ∈ Λ(V ) and μ|T A2 = λ|T A2 − 2β1 + 2β2. Since
μ|T A / λ|T A and μ|T A  ν|T A if and only if a7 = 1 and a2 = a3 = a4 = a6 = 0, we deduce that2 2 2 2
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Since λ|T A2 − β1 occurs with multiplicity at most 1 in V |G0 this is impossible, so λ = λ7, λ|T A2 =
6ω1. If p = 5, then dim(V ) > 2 · dim(LA2 (6ω1)), which is impossible. If p > 5, then dim(V ) = 2 ·
dim(LA2 (6ω1)), V |G0 ∼= LA2 (6ω1) ⊕ LA2 (6ω2) and V |G is irreducible. 
Lemma 6.3. If Gad = (S22 × D4) · S3 where p = 2, then G = Gad × Z(E7) and V |G is irreducible if and only if
λ = λ7 . Moreover in this case λ|TG0 = ω2 .
Proof. Using [7, Lemma 2.15] and [18, Theorem 5], one checks that G0 = D4 lies in a subsystem
subgroup C of type A7 < E7. Set Π(G0) = {β1, β2, β3, β4}. Let BC denote a Borel subgroup of C and TC
a maximal torus of BC . Let Π(C) = {γ1, . . . , γ7} be a base of the root system Σ(C) of C with respect
to BC and TC , and let δi be the fundamental dominant weight corresponding to γi . Up to conjugacy
we have γ1 = α1, γi = αi+1 for i ∈ {2, . . . ,6} and γ7 = 1223210. Let W ∼= LA7 (δ1) be the natural
module for C . Then G0 acts irreducibly on W and, up to conjugacy, we can suppose W |G0 ∼= LD4 (ω1),
so
hβ1(c) = hγ1(c).hγ7(c) = hα1
(
c2
)
.hα2
(
c2
)
.hα3
(
c2
)
.hα4
(
c3
)
.hα5
(
c2
)
.hα6(c),
hβ2(c) = hγ2(c).hγ6(c) = hα3(c).hα7(c),
hβ3(c) = hγ3(c).hγ5(c) = hα4(c).hα6(c),
hβ4(c) = hγ3(c).hγ4
(
c2
)
.hγ5(c) = hα4(c).hα5
(
c2
)
.hα6(c).
By [7, Lemma 2.15], we have CY (G0)/Z(E7) ∼= S22 , NY (G0)/(G0 × CY (G0)) = H ∼= S3 and H acts
as graph automorphisms on the D4-factor. So, for all w ∈ H , there exists nw ∈ NY (G0) such that
nw .hβi (c).n
−1
w = hw(βi)(c), ∀i ∈ {1, . . . ,4}, ∀c ∈ K ∗ (2.22). We take H = 〈t, s〉 where t = (β1)(β2)(β3β4)
and s = (β1β3β4)(β2).
Suppose that G acts irreducibly on V , then V |G0 = (n1 · V1)⊕· · ·⊕ (nr · V1) where V1 ∼= LD4 (λ|TD4 ),
1 = r divides |S22 |.|S3| and ∀ j ∈ {1, . . . , r}, ∃w ∈ H with n j = nw .
Set μ2 = λ − α2, μ3 = λ − α2 − α3 − α4 and μi = λ − α2 − α4 − · · · − αi for i ∈ {4,5,6}. Taking
i = 2,4,3,5 and 6 successively, one checks that if ai  1 then μi ∈ Λ(V ) and μi |TD4 / (w · λ)|TD4 for
all w ∈ H which is impossible.
Then λ = a1λ1 + a7λ7, λ|TD4 = (t · λ)|TD4 = 2a1ω1 + a7ω2, (s · λ)|TD4 = (s−1ts · λ)|TD4 = λ|TD4 −
a1(β1 − β3) and (s2 · λ)|TD4 = (sts−1 · λ)|TD4 = λ|TD4 − a1(β1 − β4).
Let U be the composition factor of V |C with highest weight λ|TC .
If a1  1 then μ = λ − α1 − α2 − α3 − α4 ∈ Λ(V ) and μ|TD4 = λ|TD4 − β1 + β4 occurs in V |G0 if
and only if a1 = 1, so λ = λ1 +a7λ7. We claim that U |G0 has a composition factor with highest weight
λ|TD4 − β1. Indeed each weight of TC in U has the form λ|TC −
∑7
i=1 ciγi where ci  0,∀i ∈ {1, . . . ,7},
so restricts to λ|TD4 − (c1 + c7)β1 − (c2 + c6)β2 − (c3 − c4 + c5)β3 − c4β4 in U |G0 . Hence λ|TD4 occurs
with multiplicity 1 in U |G0 . The weights λ|TC − γ1 and λ|TC − γ7 in U restrict in U |G0 to λ|TD4 − β1
which occurs with multiplicity at most 1 in LD4 (λ|TD4 ). Then λ|TD4 − β1 is the highest weight of a
composition factor of U |G0 , so of V |G0 , which is impossible as λ|TD4 − β1 /∈ H · λ|TD4 .
Hence λ = a7λ7 and all composition factors of V |G0 have highest weight λ|TD4 . Suppose that
a7  2. We claim that U |G0 has a composition factor with highest weight ν = λ|TD4 . Indeed, as
before the weight λ|TD4 occurs with multiplicity 1 in U |G0 . The weights λ|TC − 2γ6 − 2γ5 − γ4,
λ|TC − 2γ6 − γ5 − γ4 − γ3 and λ|TC − γ6 − γ5 − γ4 − γ3 − γ2 restrict in U |G0 to λ|TD4 − 2β2 − β3 − β4.
Using 2.8 for the subgroup 〈U±β2 ,U±β3 ,U±β4 〉, the weight λ|TD4 − 2β2 − β3 − β4 has multiplic-
ity at most 2 in LD4 (λ|TD4 ), so it will appear in a composition factor of U |G0 with highest weight
ν = λ|TD4 . Then ν must be the highest weight of a composition factor of V |G0 which is impossible.
Hence λ = λ7, dim(LE7 (λ7)) = 2 · dim(LD4(λ|TD4 )), V |G0 ∼= LD4 (ω2) ⊕ LD4(ω2) and V |G is irreducible
[21, Table 1.2]. 
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this case, up to conjugacy, λ|TG0 = ω2 .
Proof. We have G0 = A7 and Z(E7) < G0. Up to conjugacy we can take Π(G0) = {β1, . . . , β7} where
β1 = α1 + 2α2 + 2α3 + 3α4 + 2α5 + α6, βi = α9−i for 2  i  6 and β7 = α1. Set t = w ′0w0 where
w0 and w ′0 are the long words in W(E7) and W(G0) respectively. Then t acts on Π(G0) as
(β1β7)(β2β6)(β3β5)(β4) and G/G0 = 〈t〉W(E7).
Suppose that G acts irreducibly on V , then V |G0 ∼= LA7 (λ|T A7 ) ⊕ LA7 ((t · λ)|T A7 ) where (t · λ)|T A7 =
λ|T A7 − 12 (3a2 + 2a3 + 4a4 + 3a5 + 2a6 + a7)(β1 − β7)− (a2 + a4 + a5 + a6 + a7)(β2 − β6)− 12 (a2 + a5 +
2a6 + a7)(β3 − β5).
Set μ1 = λ−α1 −α2 −α3 −α4, μ2 = λ−α2, μ3 = λ−α2 −α3 −α4 and μi = λ−α2 −α4 −· · ·−αi
for i ∈ {4,5,6}. Taking i = 2,4,3,1,5 and 6 successively, one checks that if ai  1 then μi ∈ Λ(V ) and
μi |T A7 / ζ|T A7 for ζ ∈ {λ, t · λ} which is impossible.
So λ = a7λ7, μ = λ − α2 − α4 − α5 − α6 − α7 ∈ Λ(V ) and μ|T A7 = λ|T A7 − 12 (β1 + 2β2 + β3 − β5 −
2β6 − β7) occurs in V |G0 if and only if a7 = 1. We deduce that λ = λ7, dim(V ) = 2 · dim(LA7 (λ|T A7 )),
V |G0 ∼= LA7 (ω2) ⊕ LA7 (ω6) and V |G is irreducible. 
Lemma 6.5. If Gad = A2A5 · S2 , then V |G is reducible.
Proof. We have G0 = D1D2 where D1 = A2, D2 = A5 and Z(E7) < G0. So Π(G0) = {β1, β2} ∪
{β3, . . . , β7} and up to conjugacy we can take β1 = α1, β2 = α1 + 2α2 + 3α3 + 4α4 + 3α5 + 2α6 + α7,
β3 = α2, βi = αi , for 4 i  7.
Set t = s1s(1,2,3,4,3,2,1)s1s7s6s7s5s6s7s4s5s6s7s2s4s5s6s7w0 where w0 is the long word in W(E7).
Then t acts on Π(G0) as (β1β2)(β3β7)(β4β6)(β5) and G/G0 = 〈t〉W(E7).
Suppose that G acts irreducibly on V , then V |G0 ∼= (LA2 (λ|T A2 ) ⊗ LA5 (λ|T A5 )) ⊕ (LA2 ((t · λ)|T A2 ) ⊗
LA5 ((t · λ)|T A5 )) where (t · λ)|TG0 = λ|TG0 + 13 (2a2 + 3a3 + 4a4 + 3a5 + 2a6 + a7)(β1 − β2) + 13 (−2a2 −
a4 + a6 + 2a7)(β3 − β7) + 13 (−a2 − 2a4 + 2a6 + a7)(β4 − β6).
Set μ1 = λ − α1 − α3, μ2 = λ − α2 − α3 − α4 and μi = λ − α3 − · · · − αi for i ∈ {3,4,5,6}. Taking
i = 3,1,4,2,5 and 6 successively, one checks that if ai  1 then μi ∈ Λ(V ) and μi |TG0 / ζ|TG0 for
ζ ∈ {λ, t · λ} which is impossible.
Hence λ = a7λ7, μ = λ − α3 − · · · − α7 ∈ Λ(V ) and μ|TG0 occurs in V |G0 if and only if a7 = 1. We
get λ = λ7 and λ|TG0 = ω2 +ω7. Since dim(V ) > 2 · dim(LA2 (01)).dim(LA5 (00001)), we deduce that G
acts reducibly on V . 
Lemma 6.6. If Gad = A31D4 · S3 , then V |G is reducible.
Proof. We have G0 = D1D2D3D4 where D1 = D2 = D3 = A1, D4 = D4 and Z(E7) < G0. So Π(G0) =
{β1} ∪ {β2} ∪ {β3} ∪ {β4, . . . , β7} and up to conjugacy we can take β1 = α2, β2 = α5, β3 = α7, β4 = α3,
β5 = α1, β6 = α2 + α3 + 2α4 + α5 and β7 = α2 + α3 + 2α4 + 2α5 + 2α6 + α7.
Set t = s6.s5.s7.s6 and s = s4.s2.s5.s4.s6.s5.s7.s6. Then t and s act on Π(G0) as (β1)(β2β3)(β4)×
(β5)(β6β7) and (β1β2β3)(β4β6β7)(β5) respectively and G/G0 = W = 〈t, s〉W(E7).
Suppose that G acts irreducibly on V , then V |G0 = V1 ⊕ · · · ⊕ Vn where V1 ∼= λ|TD1 ⊗ λ|TD2 ⊗
λ|TD3 ⊗ LD4(λ|TD4 ), Vi ∼= (wi · λ)|TD1 ⊗ (wi · λ)|TD2 ⊗ (wi · λ)|TD3 ⊗ LD4((wi · λ)|TD4 ) for some wi ∈ W
and n = 2,3 or 6. Note that λ|TG0 occurs with multiplicity 1 in V |G0 .
• If n = 2, then λ = s · λ = s2 · λ so ai = 0, ∀i ∈ {2,4,5,6,7} and W · λ = λ. So λ is the unique
element of Λ(V ) which restricts in V |G0 to the highest weight of a composition factor and V |G0
is irreducible which contradicts our assumption.
• If n = 3, then V |G0 = V1 ⊕ V2 ⊕ V3 where V2 = V s1 and V3 = V s
2
1 . One of the following holds:
(i) t · λ = λ so a5 = a6 = a7 = 0, s · λ = st · λ = λ − a2(α2 + α4) − a4(α2 + 2α4 + α5) and s2 · λ =
ts ·λ = λ−a2(α2 +α4 +α5 +α6)−a4(α2 +2α4 +2α5 +2α6 +α7). Set μ1 = λ−α1 −α3 −α4,
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ai  1 then μi ∈ Λ(V ) and μi |TG0 must be the highest weight of a composition factor of
V |G0 which is impossible. If a2  1 then μ = λ − α2 − α4 ∈ Λ(V ) and μ|TG0 occurs in V |G0 if
and only if a2 = 1. We get λ = λ2 and λ|TG0 = 1⊗ 0⊗ 0⊗ (ω6 + ω7). One checks using [24]
that dim(V ) = 3 · dim(V1) which is impossible.
(ii) st ·λ = λ so a2 = a4 = a5 = 0, s ·λ = ts ·λ = λ−a6(α2 +2α4 +2α5 +2α6 +α7)−a7(α4 +α5 +
α6 + α7) and s2 · λ = t · λ = λ − a6(α5 + 2α6 + α7) − a7(α6 + α7). By exchanging the roles of
α2 and α7, α4 and α6 in the above argument, we deduce that G acts reducibly on V .
(iii) ts · λ = λ so W · λ = λ which is impossible by an earlier argument.
• If n = 6 then (wi · λ)|TG0 is a weight of a composition factor of V |G0 for each wi ∈ W and they
are pairwise distinct. Set μ1 = λ−α1 −α3 −α4, μ3 = λ−α3 −α4, μ4 = λ−α4 and μ6 = λ−α6.
Taking i = 4,3,1 and 6 successively, one checks that if ai  1 then μi ∈ Λ(V ) and μi |TG0 must
be the highest weight of a composition factor of V |G0 which is impossible. If a2  1 then μ =
λ − α2 − α4 ∈ Λ(V ) and μ|TG0 occurs in V |G0 if and only if a2 = 1 and a5 = 0. In the same way,
if a5  1 then a5 = 1 and a2 = 0 and if a7  1 then a7 = 1 and a5 = 0. For λ = λ2 + λ7, λ7, λ5 or
λ2, one checks using [24] that dim(V ) = 6 · dim(V1).
Hence G acts reducibly on V . 
Lemma 6.7. If Gad = A71 · L3(2), then Z(E7) G0 = A71 and V |G is irreducible if and only if λ = λ7 . Moreover
in this case, up to conjugacy, λ|TG0 = 1⊗ 1⊗ 1⊗ 0⊗ 0⊗ 0⊗ 0.
Proof. We have G0 = A71 and Z(E7) < G0. Up to conjugacy, Π(G0) = {β1, . . . , β7} where, writ-
ing a1 . . .a7 for
∑7
1 aiαi , we have β1 = 0000011, β2 = 1112211, β3 = 1234321, β4 = 0101000,
β5 = 1011000, β6 = 0001110 and β7 = 1111110. Since G0 is a maximal rank subgroup of E7, we
can take TG0 = T E7 and after conjugation we assume NY (G0) G0 · (NY (BG0 )∩ NY (TY )). By [5, 2] we
get G/G0 ∼= NW(E7)(Π(G0))/W(Π(G0))W(Π(G0)⊥), where W(Π(G0)) is the group generated by the
reﬂections corresponding to the roots in Π(G0), and W(Π(G0)⊥) is the group generated by the re-
ﬂections corresponding to the roots orthogonal to all those in Π(G0). Hence that G/G0 is isomorphic
to the group W of symmetries induced by W(E7) on the Dynkin diagram of G0.
Suppose that G acts irreducibly on V , then V |G0 = V1 ⊕ · · · ⊕ Vn where V1 is an irreducible KG0-
module with highest weight λ|TG0 , Vi = gi · V1 for some gi ∈ G and n divides |W |. For each i, there
exists ni ∈ NY (BG0 ) ∩ NY (TY ) such that giG0g−1i = niG0n−1i . Let wi be the image of ni in W . Then
(wi · λ)|TG0 is the highest weight of Vi .
For 1  i  7, if ai  1 then μi = λ − αi ∈ Λ(V ) and μi |TG0 must be the highest weight of a
composition factor of V |G0 . So ∃w ∈ W such that (w · λ)|TG0 = λ|TG0 − αi |TG0 , so w · λ = λ − αi and,
by 2.20, ai ∈ {0,1},∀i ∈ {1, . . . ,7}.
Let αi1 ,αi2 ∈ Π(E7) be such that 〈αi1 ,αi2 〉 = −1. If ai1 = ai2 = 1 then μ = λ − αi1 − αi2 ∈ Λ(V )
(2.6), dim(VTE7 (μ)) = 1 if p = 3 and 2 if p = 3 (2.7). Here μ|TG0 occurs in the composition fac-
tor of V |G0 with highest weight λ|TG0 if and only if {i1, i2} = {2,4} or {6,7}. If {i1, i2} = {2,4} and{i1, i2} = {6,7}, or if p = 3, then μ|TG0 must be the highest weight of a composition factor of V |G0 .
So μ ∈ W(E7) · λ. If p = 3 and {i1, i2} = {2,4} or {6,7}, then ν = λ − αi1 − αi2 − (1 + a5)α5 ∈ Λ(V )
and ν|TG0 must be the highest weight of a composition factor of V |G0 . Hence ν ∈ W(E7) · λ and so
μ = s5.ν ∈ W(E7) · λ. In each case, we get μ ∈ W(E7) · λ which is impossible as μ is a dominant
weight of T E7 and μ = λ.
Let αi1 ,αi2 ,αi3 ∈ Π(E7) be such that 〈αi j ,αi j+1〉 = −1 for 1  j  2. If ai1 = ai3 = 1 (so ai2 =
0) then μ = λ − αi1 − αi2 − αi3 ∈ Λ(V ) and dim(VTE7 (μ))  2. If {i1, i2, i3} = {1,3,4} or {4,5,6},
then μ|TG0 occurs with multiplicity at most 1 in the composition factor of V |G0 with highest weight
λ|TG0 and μ|TG0 doesn’t occur under another weight in V |G0 . So μ|TG0 must be the highest weight
of a composition factor of V |G0 . If {i1, i2, i3} = {2,3,4} (respectively {2,4,5} or {5,6,7}), then μ|TG0
occurs with multiplicity at most 1 in the composition factor of V |G0 with highest weight (λ−α3)|TG0
(respectively (λ − α5)|TG0 ) and μ|TG0 doesn’t occur under another weight in V |G0 . Since dim(VTE7 ×
(λ−α3)) = 1 (respectively dim(VTE (λ−α5)) = 1), μ|T 0 must be the highest weight of a composition7 G
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of V |G0 . In each case, we get μ ∈ W(E7) · λ which is impossible as before.
Let αi1 , . . . ,αi4 ∈ Π(E7) be such that 〈αi j ,αi j+1 〉 = −1 for 1  j  3. If ai1 = ai4 = 1 then μ =
λ − αi1 − αi2 − αi3 − αi4 ∈ Λ(V ) and dim(VTE7 (μ))  3. If {i1, i4} = {1,2} (respectively {2,6}, {4,7})
then μ|TG0 occurs with multiplicity at most 1 in each of the composition factors of V |G0 with high-
est weight (λ − α2)|TG0 and (λ − α1 − α3)|TG0 (respectively (λ − α2)|TG0 and (λ − α5 − α6)|TG0 ,
(λ − α7)|TG0 and (λ − α4 − α5)|TG0 ) and μ|TG0 doesn’t occur under another weight in V |G0 . We have
dim(VTE7 (λ − α2)) = dim(VTE7 (λ − α1 − α3)) = 1 (respectively dim(VTE7 (λ − α2)) = dim(VTE7 (λ −
α5−α6)) = 1, dim(VTE7 (λ−α7)) = dim(VTE7 (λ−α4−α5)) = 1). If {i1, i4} = {1,5} (respectively {3,6})
then μ|TG0 occurs with multiplicity at most 1 in the composition factor of V |G0 with highest weight
(λ−α5)|TG0 (respectively (λ−α3)|TG0 ) and μ|TG0 doesn’t occur under another weight in V |G0 . We have
dim(VTE7 (λ − α5)) = 1 (respectively dim(VTE7 (λ − α3)) = 1). In each case, since dim(V TE7 (μ))  3,
μ|TG0 must be the highest weight of a composition factor of V |G0 . So μ ∈ W(E7) · λ which is impos-
sible as before.
If λ = λ1 + λ6 then μ = λ − α1 − α3 − α4 − α5 − α6 ∈ Λ(V ) and dim(VTE7 (μ))  4. The weight
μ|TG0 occurs with multiplicity at most 1 in each of the composition factors of V |G0 with highest
weight (λ−α1 −α3)|TG0 and (λ−α5 −α6)|TG0 and μ|TG0 doesn’t occur under another weight in V |G0 .
Since dim(VTE7 (λ − α1 − α3)) = dim(VTE7 (λ − α5 − α6)) = 1, μ|TG0 must be the highest weight of a
composition factor of V |G0 . So μ ∈ W(E7) · λ which is impossible.
If λ = λ2+λ7 then μ = λ−α2−α4−α5−α6−α7 ∈ Λ(V ) and dim(VTE7 (μ)) 4. The weight μ|TG0
occurs with multiplicity at most 1 in each of the composition factors of V |G0 with highest weight
(λ − α2 − α7)|TG0 , (λ − α2 − α4 − α5)|TG0 and (λ − α5 − α6 − α7)|TG0 and μ|TG0 doesn’t occur under
another weight in V |G0 . Since dim(VTE7 (λ−α2 −α7)) = dim(VTE7 (λ−α2 −α4 −α5)) = dim(VTE7 (λ−
α5−α6−α7)) = 1, μ|TG0 must be the highest weight of a composition factor of V |G0 . So μ ∈ W(E7) ·λ
which is impossible.
In the same way, we have λ = λ3 + λ7.
If λ = λ1 +λ7 then μ = λ−α1 −α3 −α4 −α5 −α6 −α7 ∈ Λ(V ) and dim(VTE7 (μ)) 5. The weight
μ|TG0 occurs with multiplicity at most 1 in each of the composition factors of V |G0 with highest
weight (λ − α1 − α3 − α4 − α5)|TG0 , (λ − α1 − α3 − α7)|TG0 and (λ − α5 − α6 − α7)|TG0 and μ|TG0
doesn’t occur under another weight in V |G0 . Since dim(VTE7 (λ−α1 −α3 −α4 −α5)) = dim(VTE7 (λ−
α1 −α3 −α7)) = dim(VTE7 (λ−α5 −α6 −α7)) = 1, μ|TG0 must be the highest weight of a composition
factor of V |G0 . So μ ∈ W(E7) · λ which is impossible.
Hence λ = λs for some s. Note that since L(G0) is a proper submodule of L(E7)|G , we have V =
L(E7) so λ = λ1. If λ = λ2, then μ = λ2 − α2 − α3 − α4 − α5 ∈ Λ(V ). Since μ + β /∈ Λ(V ) for all
β ∈ Σ(G0), μ|TG0 must be the highest weight of a composition factor in V |G0 . So ∃w ∈ W such that
μ|TG0 = (w · λ2)|TG0 = w · λ2|TG0 which is impossible as λ2|TG0 = ω2 + 2ω3 + ω4 + ω7 and μ|TG0 =
ω1 + ω2 + ω3 + ω4 + ω5 + ω6 + ω7 cannot be conjugate by W . If λ = λi for i = 3,4,5 or 6, then
μi = λi − αi ∈ Λ(V ) and μi |TG0 is the highest weight of a composition factor in V |G0 . So ∃w ∈ W
such that μi |TG0 = w · λi |TG0 . One checks that λi |TG0 and μi |TG0 cannot be conjugate by W .
So λ = λ7, λ|TG0 = ω1 + ω2 + ω3 and G acts irreducibly on V [21, Table 1.2]. 
Lemma 6.8. If Gad = E6T1 · S2 , then V |G is reducible.
Proof. We have G0 = E6T1 and Z(E7) < G0. Up to conjugacy we can take Π(G0) = {α1, . . . ,α6}. Set
t = w ′0w0 where w0 and w ′0 are the long words in W(E7) and W(G0) respectively. Then G/G0 =
〈t〉W(E7). Let P be the opposite of the standard parabolic subgroup of Y corresponding to Π(G0).
Then P = Q G0 where G0 is the Levi factor of P and Q is the product of root subgroups Uα such that
α has negative coeﬃcient of α7. Suppose that G acts irreducibly on V , then V |G0 = V1 ⊕ V2 where
V1 is an irreducible KG0-module and V1|E6 ∼= LE6 (λ|T E6 ). As in 5.5, we get V1 ∼= V /[Q , V ] and all
weights in Λ(V ) have Q -level  1, where the Q -level of a weight μ = λ −∑7i=1 ciαi ∈ Λ(V ) is c7.
Since the Q -level of s(2,2,3,4,3,2,1) · λ is 2a1 + 2a2 + 3a3 + 4a4 + 3a5 + 2a6 + a7, we get λ = λ7 and
λ|T E6 = 0 which is impossible. Hence V |G is reducible. 
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Proof. As in 5.6, the result follows from 2.4. 
7. Maximal subgroups in E8
In this section, we establish the Main Theorem under the additional conditions that Y has type E8,
G is maximal in Y and V |G0 is reducible. Our result is the following:
Proposition 7.1. There is no maximal positive dimensional subgroup G of Y such that G acts irreducibly on V
and V |G0 is reducible.
The disconnected maximal subgroups of E8 are listed in 2.23. Let G be such a subgroup.
Lemma 7.2. If G = A1 · S5 where p = 2,3,5, then V |G is reducible.
Proof. Set Π(G0) = {β1} where G0 = A1. Let H be a subgroup of type A4A4 of E8. Then G0 is a
diagonal subgroup of H such that the action on the usual 5-dimensional module for each factor A4
is irreducible and restricted and (CY (G0) × G0)/G0 = W ∼= S5 [17, 1.5]. Up to conjugacy we can take
Π(H) = {α1,α3,α4,α2} ∪ {2α1 + 3α2 + 4α3 + 6α4 + 5α5 + 3α6 + 2α7 +α8,α6,α7,α8} to be a base of
the root system of H so hβ1(c) = hα1(c12)hα2(c16)hα3(c22)hα4(c30)hα5 (c20)hα6 (c18)hα7 (c14)hα8 (c8).
Suppose that G acts irreducibly on V , then V |G0 = V1 ⊕ · · · ⊕ Vn where Vi ∼= LA1 (λ|TG0 ) for all i
and n divides |W |. Set μ1 = λ−α1 −α3 −α4 −α5, μi = λ−αi −α4 −α5 for i = 2 or 3, μ5 = λ−α5,
μi = λ−α5−αi for i = 4 or 6 and μi = λ−α5−α6−· · ·−αi for i = 7 or 8. Taking i = 5,6,7,8,4,3,2
and 1 successively, one checks that if ai  1 then μi ∈ Λ(V ) and μi |TG0 = λ|TG0 + ciβ1 where ci  1
which is impossible. Hence V |G is reducible. 
Lemma 7.3. If G = A1A2 · S2 where p = 2,3, then V |G is reducible.
Proof. We have G0 = D1D2 where D1 = A1 and D2 = A2. Set Π(G0) = Π(D1) ∪ Π(D2) where
Π(D1) = {β1} and Π(D2) = {β2, β3}.
Let {hαi , eα} be a basis of L(E8), the Lie algebra of E8. Then TD1 acts on L(E8) and hβ1(c).eα =
cmα eα where mα2 = 2 and mαi = 0, ∀i = 2 [27, 3.13]. We get hβ1 (c) = hα1(c10)hα2 (c16)hα3 (c20)hα4 ×
(c30)hα5 (c
24)hα6 (c
18)hα7 (c
12)hα8 (c
6).
Let P be the parabolic subgroup of E8 with Levi factor L = 〈T E8 ,Uα | α ∈ Σ(E8),mα = 0〉 and
unipotent radical Q = ΠUα where mα > 0. Then L = CE8 (TD1 ) [27, 2.4(ii)], Z(L)0 is a 1-dimensional
torus and D2 ⊂ L′ = A7; the embedding is given by the adjoint representation [27, 3.13]. Let W be
the natural module for L′ , then W |D2  LA2 (11) and, using 2.13 we get, up to conjugacy, hβ2(c) =
hα1 (c).hα4 (c
2).hα5 (c
2).hα8 (c) and hβ3(c) = hα1(c).hα3 (c3).hα4 (c2).hα5 (c2).hα6 (c3).hα7 (c3).hα8 (c).
By [22, p. 3], there is an element n ∈ NE8 (G0) which centralizes D1 and induces a nontrivial graph
automorphism on D2.
Suppose that G acts irreducibly on V , then V |G0 ∼= (LA1 (λ|T A1 ) ⊗ LA2 (λ|T A2 )) ⊕ (LA1 (ν|T A1 ) ⊗
LA2 (ν|T A2 )) where ν|TG0 = λ|TG0 + (a3 + a6 + a7)(β2 − β3).
Set μ1 = λ−α1 −α2 −α3 −α4, μ2 = λ−α2, μ3 = λ−α2 −α3 −α4 and μi = λ−α2 −α4 −· · ·−αi
for i = 4, . . . ,8. Taking i = 2,4,3,5,6,7,8 and 1 successively, one checks that if ai  1 then μi ∈ Λ(V )
and μi |TG0 = λ|TG0 +
∑
j c jβ j where c3  1 which is impossible. Hence V |G is reducible. 
Lemma 7.4. If G = A1G2G2 · S2 where p = 2, then V |G is reducible.
Proof. We have G0 = D1D2D3 where D1 = A1, D2 = G2 and D3 = G2. Set Π(G0) = Π(D1)∪Π(D2)∪
Π(D3) where Π(D1) = {β1}, Π(D2) = {β2, β3} and Π(D3) = {β4, β5}.
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mαi = 0, ∀2  i  8 [27, 3.13]. We get hβ1(c) = hα1(c8).hα2 (c10).hα3 (c14).hα4 (c20).hα5 (c16).hα6 (c12).
hα7(c
8).hα8 (c
4).
Let P be the parabolic subgroup of E8 with Levi factor L = 〈T E8 ,Uα | α ∈ Σ(E8),mα = 0〉
and unipotent radical Q = ΠUα where mα > 0. Then L = CE8 (TD1 ) [27, 2.4(ii)], Z(L)0 is a
1-dimensional torus and D2D3 = G2G2 < L′ = D7 where each simple factor G2 acts on a 7-space
and ﬁxes a 7-space of the usual module W of D7 [27, 3.13]. Using 2.13 we get, up to conjugacy,
hβ2 (c) = hα2 (c).hα3(c).hα4 (c2).hα5 (c2).hα6 (c2).hα8(c), hβ3(c) = hα7(c), hβ4 (c) = hα2 (c).hα3 (c).hα5(c)
and hβ5(c) = hα4(c).
By [27, 3.13], there is an element n ∈ NE8 (G0) which centralizes D1 and interchanges the two G2
factors. We can take n such that nhβ2 (c)n
−1 = hβ4 (c), nhβ3(c)n−1 = hβ5(c), nhβ4 (c)n−1 = hβ2 (c) and
nhβ5 (c)n
−1 = hβ3(c).
Suppose that G acts irreducibly on V , then V |G0 = V1 ⊕ V2 where V1 is an irreducible KG0-
module with highest weight λ|TG0 and V2 = n · V1 is an irreducible KG0-module with highest weight
ν|TG0 = λ|TG0 − (a4 + 2a5 + 4a6 + 3a7 + 2a8)(β2 − β4) − (a5 + 2a6 + 2a7 + a8)(β3 − β5).
Set μ1 = λ − α1, μ2 = λ − α1 − α2 − α3 − α4, μ3 = λ − α1 − α3, μ4 = λ − α1 − α3 − α4, μ5 =
λ−α5 −α6, μ6 = λ−α6, μ7 = λ−α6 −α7 and μ8 = λ−α6 −α7 −α8. Taking i = 1,3,4,2,6,5,7 and
8 successively, one checks that if ai  1 then μi ∈ Λ(V ) and the unique case where μi |TG0  λ|TG0 or
ν|TG0 occurs when λ = λ8. Then V is the Lie algebra of E8 and G normalizes the Lie algebra of G0
which is a proper submodule of V , which is impossible. Hence V |G is reducible. 
Lemma 7.5. If G = A8 · S2 , then V |G is reducible.
Proof. Up to conjugacy we can take Π(G0) = {β1, . . . , β8} where β1 = α1 + 3α2 + 3α3 + 5α4 + 4α5 +
3α6 + 2α7 + α8, β2 = α1 and βi = αi for 3 i  8.
Set t = w ′0w0 where w0 and w ′0 are the long words in W(E8) and W(G0) respectively. Then t
acts on Π(G0) as (β1β8)(β2β7)(β3β6)(β4β5) and G/G0 = 〈t〉W(E8).
Suppose that G acts irreducibly on V , then V |G0 ∼= LA8 (λ|T A8 ) ⊕ LA8 ((t · λ)|T A8 ) where (t · λ)|T A8 =
λ|T A8 − 13 (4a1+7a2+8a3+12a4+9a5+6a6+3a7)(β1−β8)− 13 (5a1+5a2+7a3+9a4+6a5+3a6)(β2−
β7) − 13 (3a1 + 3a2 + 6a3 + 6a4 + 3a5)(β3 − β6) − 13 (a1 + a2 + 2a3 + 3a4)(β4 − β5).
Set μ1 = λ−α1 −α2 −α3 −α4, μ2 = λ−α2, μ3 = λ−α2 −α3 −α4 and μi = λ−α2 −α4 −· · ·−αi
for i ∈ {4, . . . ,8}. Taking i = 2,4,5,6,7,8,3 and 1 successively, one checks that if ai  1 then μi ∈
Λ(V ) and μi |T A8 / ζ|T A8 for ζ ∈ {λ, t · λ} which is impossible. Hence G acts reducibly on V . 
Lemma 7.6. If G = A2E6 · S2 , then V |G is reducible.
Proof. We have G0 = D1D2 where D1 = E6, D2 = A2. So Π(G0) = {β1, . . . , β6} ∪ {β7, β8} where, up
to conjugacy, β7 = 2α1 + 3α2 + 4α3 + 6α4 + 5α5 + 4α6 + 3α7 + α8 and βi = αi for i = 7.
Set t = s8s(2,3,4,6,5,4,3,1)s8w ′0w0 where w0 and w ′0 are the long words in W(E8) and W(D1)
respectively. Then t acts on Π(G0) as (β1β6)(β3β5)(β4)(β2)(β7β8) and G/G0 = 〈t〉W(E8).
Suppose that G acts irreducibly on V , then V |G0 ∼= (LE6 (λ|T E6 ) ⊗ LA2 (λ|T A2 )) ⊕ (LE6 ((t · λ)|T E6 ) ⊗
LA2 ((t · λ)|T A2 )) where (t · λ)|TG0 = λ|TG0 + 13 (−2a1 − a3 + a5 + 2a6)(β1 − β6) + 13 (−a1 − 2a2 + 2a5 +
a6)(β3 − β5) + 13 (2a1 + 3a2 + 4a3 + 6a4 + 5a5 + 4a6 + 3a7)(β8 − β7).
Set μ1 = λ−α1 −α3 −· · ·−α7, μ2 = λ−α2 −α4 −· · ·−α7, μi = λ−α7 −· · ·−αi for i ∈ {3, . . . ,7}
and μ8 = λ − α7 − α8. Taking i = 7,6,5,4,3,2,1 and 8 successively, one checks that if ai  1 then
μi ∈ Λ(V ) and μi |TG0 / ζ|TG0 for ζ ∈ {λ, t · λ} which is impossible. Hence G acts reducibly on V . 
Lemma 7.7. If G = A24 · C4 , then V |G is reducible.
Proof. We have G0 = A24. Up to conjugacy we can take Π(G0) = {β1, . . . , β4} ∪ {β5, . . . , β8} where,
writing a1 . . .a8 for
∑8
1 aiαi , we have β1 = 00111111, β2 = 11121100, β3 = 00001000, β4 = 01121110,
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Then w acts on Π(G0) as (β1β8β4β5)(β2β7β3β6) and G/G0 = W = 〈w〉W(E8).
Suppose that G acts irreducibly on V , then V |G0 = V1 ⊕ · · · ⊕ Vn where V1 is an irreducible KG0-
module with highest weight λ|TG0 , Vi = gi · V1 for some gi ∈ G and n = 2 or 4. Let wi be the image
of gi in W , then (wi · λ)|TG0 is the highest weight of Vi . Set μ2 = λ − α2 − α3 − α4, μi = λ − αi for
i ∈ {1,3,4,7,8}, and μi = λ − α4 − · · · − αi for i ∈ {5,6}. Taking i = 1,3,4, . . . ,8 and 2 successively,
one checks that if ai  1 then μi ∈ Λ(V ) and the unique case where μi |TG0  (w · λ)|TG0 for some
w ∈ W occurs when λ = λ8. Then V is the Lie algebra of E8 and G normalizes the Lie algebra of G0
which is a proper submodule of V , which is impossible. Hence G acts irreducibly on V . 
Lemma 7.8. If G = D24 · (S3 × S2), then V |G is reducible.
Proof. We have G0 = D24. Up to conjugacy we can take Π(G0) = {β1, . . . , β4} ∪ {β5, . . . , β8} where,
writing a1 . . .a8 for
∑8
1 aiαi , we have β1 = 00100000, β2 = 00010000, β3 = 00001000, β4 = 01000000,
β5 = 00000010, β6 = 00000001, β7 = 01122210 and β8 = 22343210. Set
t = s11110000s10111000, s = s11221100s11122100t,
w1 = s01122210s01122211s01122221s23465421s23465431s23465432,
w2 = s01122210s01122211s01122221s22343221s22343211s22343210,
w3 = s6s5s4s3s7s6s5s4s8s7s6s5s23465432s8s7s6 and τ = tsw1w2w3w2w1.
Then t , s and τ act on Π(G0) as (β1)(β2)(β3β4)(β5)(β6)(β7β8), (β1β3β4)(β2)(β5β8β7)(β6) and
(β1β5)(β2β6)(β3β8)(β4β7) respectively. Hence G/G0 = W := 〈t, s, τ 〉 = W1 × W2  W(E8) where
W1 = 〈t, s〉 ∼= S3 and W2 = 〈τ 〉 ∼= S2.
Suppose that G acts irreducibly on V , then V |G0 = V1 ⊕ · · · ⊕ Vn where V1 is an irreducible KG0-
module with highest weight λ|TG0 , Vi = gi ·V1 for some gi ∈ G and n divides |W |. Let wi be the image
of gi in W . Then (wi · λ)|TG0 is the highest weight of Vi . One checks that if λ = μ = λ −
∑8
i=1 bi .αi ∈
W ·λ where bi ∈ {0,1}, ∀i ∈ {1, . . . ,8} then λ = λi and μ = t ·λ = λ−α1−α3−α4−αi with i = 2 or 5,
or λ = λi and μ = ts ·λ = λ−αi −α4−α5−α6 with i = 2 or 3. Set μ1 = λ−α1, μ2 = λ−α1−· · ·−α6,
μ3 = λ − α1 − α3, μ4 = λ − α1 − α3 − α4, μ5 = λ − α6 − α5 and μi = λ − α6 − · · · − αi for i ∈
{6,7,8}. Taking i = 1,3,4,6,7,8,5 and 2 successively, one checks that if ai  1 then μi ∈ Λ(V ) and
μi |TG0 / (w · λ)|TG0 for all w ∈ W which is impossible. Hence G acts irreducibly on V . 
Lemma 7.9. If G = A42 · GL2(3), then V |G is reducible.
Proof. Up to conjugacy we can take Π(G0) = {β1, . . . , β8} where, writing a1 . . .a8 for ∑81 aiαi ,
we have β1 = 10100000, β2 = 00011100, β3 = 00110000, β4 = 00001110, β5 = 01111100, β6 =
11121110, β7 = 00000111 and β8 = 23465321. Since G0 is a maximal rank subgroup of E8, we can
take TG0 = T E8 . As in 6.7, G/G0 is isomorphic to the group W of symmetries induced by W(E8) on
the Dynkin diagram of G0. For each w ∈ W , there is a permutation in S8, denoted also w , such that
w · βi = βw(i) for all i ∈ {1, . . . ,8}.
Suppose that G acts irreducibly on V , then V |G0 = V1 ⊕ · · · ⊕ Vn where V1 is an irreducible KG0-
module with highest weight λ|TG0 , Vi = gi · V1 for some gi ∈ G and n divides |W |. As in 6.7 we get
ai ∈ {0,1}, ∀i ∈ {1, . . . ,8}.
Let αi1 ,αi2 ∈ Π(E8) be such that 〈αi1 ,αi2 〉 = −1. If ai1 = ai2 = 1 then μ = λ − αi1 − αi2 ∈ Λ(V )
(2.6), and dim(VTE8 (μ)) = 1 if p = 3 and 2 if p = 3 (2.7). Here μ|TG0 occurs with multiplicity at most
1 in the composition factor of V |G0 with highest weight λ|TG0 if and only if 3 ∈ {i1, i2}. If p = 3 or
3 /∈ {i1, i2} then μ|TG0 must be the highest weight of a composition factor of V |G0 so μ ∈ W(E8) · λ.
If p = 3 and a1 = a3 = 1, then ν = λ−α1 −α3 − (1+ a4)α4 − (1+ a4 + a5)α5 ∈ Λ(V ) and ν|T 0 is theG
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If p = 3 and a3 = a4 = 1, then ν = λ − α3 − α4 − (1 + a5)α5 ∈ Λ(V ) and ν|TG0 is the highest weight
of a composition factor of V |G0 . Hence ν ∈ W(E8) · λ and so μ = s5 · ν ∈ W(E8) · λ. In each case, we
get μ ∈ W(E8) · λ which is impossible as μ is a dominant weight of T E8 and μ = λ.
Let αi1 ,αi2 ,αi3 ∈ Π(E8) be such that 〈αi j ,αi j+1 〉 = −1 for 1  j  2. If ai1 = ai3 = 1 then μ =
λ − αi1 − αi2 − αi3 ∈ Λ(V ) and dim(VTE8 (μ))  2. Here μ|TG0 occurs with multiplicity at most 1
in the composition factor of V |G0 with highest weight (λ − α)|TG0 (where α = αi1 or αi3 ) if and
only if 3 ∈ {i1, i2, i3}, and in the composition factor of V |G0 with highest weight λ|TG0 if and only if{i1, i2, i3} = {4,5,6} or {5,6,7} or {6,7,8}. If i2 = 3 then ν = s4.s5.μ = λ−α1 −α3 −2α4 −α5 ∈ Λ(V )
and dim(VTE8 (ν))  2. Since ν|TG0 occurs with multiplicity at most 1 in the composition factor of
V |G0 with highest weight (λ − α1 − α4 − α5)|TG0 and doesn’t occur under another weight in V |G0 ,
it must be the highest weight of a composition factor of V |G0 . Hence ν ∈ W(E8) · λ and so μ ∈
W(E8) · λ. If {i1, i2, i3} = {3,4,2} (respectively {3,4,5}), then μ|TG0 occurs with multiplicity at most
1 in the composition factor of V |G0 with highest weight (λ − α2)|TG0 (respectively (λ − α5)|TG0 ) and
doesn’t occur under another weight in V |G0 , so μ|TG0 must be the highest weight of a composition
factor of V |G0 so μ ∈ W(E8) · λ. If {i1, i2, i3} = {4,5,6} or {5,6,7} or {6,7,8}, then μ|TG0 occurs with
multiplicity at most 1 in the composition factor of V |G0 with highest weight λ|TG0 and doesn’t occur
under another weight in V |G0 , so μ|TG0 must be the highest weight of a composition factor of V |G0
and μ ∈ W(E8) · λ. In each case, we get μ ∈ W(E8) · λ which is impossible.
Let αi1 , . . . ,αi4 ∈ Π(E8) be such that 〈αi j ,αi j+1 〉 = −1 for 1  j  3. If ai1 = ai4 = 1 then μ =
λ − αi1 − αi2 − αi3 − αi4 ∈ Λ(V ) and dim(VTE8 (μ))  3. Recall that αi /∈ Σ(G0), ∀i ∈ {1, . . . ,8}. For
{i, j,k, l} = {i1, i2, i3, i4}, the roots αi + α j and αk + αl cannot both occur in Σ(G0), and μ|TG0 occurs
with multiplicity at most 1 in the composition factor of V |G0 with highest weight (λ − αi − α j)|TG0 if
and only if 3 ∈ {i1, . . . , i4}. If 3 ∈ {i1, i4} (respectively 3 ∈ {i2, i3}), then μ|TG0 occurs with multiplicity
at most 1 in each of the composition factors of V |G0 with highest weight (λ − α5 − α6)|TG0 and
(λ−α3)|TG0 (respectively (λ−α4 −αk)|TG0 and (λ−α1 −αk)|TG0 where k = 2 or 5), and μ|TG0 doesn’t
occur under another weight in V |G0 . If {i1, i2, i3, i4} = {2,4,5,6} then μ|TG0 occurs with multiplicity
at most 1 in the composition factor of V |G0 with highest weight (λ−α2)|TG0 , and μ|TG0 doesn’t occur
under another weight in V |G0 . If 2,3 /∈ {i1, . . . , i4} then αi1 + αi2 + αi3 ,αi2 + αi3 + αi4 ∈ Π(G0) and
αi + α j /∈ Σ(G0),∀i = j ∈ {i1, . . . , i4}, and μ|TG0 occurs with multiplicity at most 1 in each of the
composition factors of V |G0 with highest weight (λ − αi1 )|TG0 and (λ − αi4 )|TG0 , and μ|TG0 doesn’t
occur under another weight in V |G0 . In each case, μ|TG0 must be the highest weight of a composition
factor of V |G0 so μ ∈ W(E8) · λ which is impossible.
Let αi1 , . . . ,αi5 ∈ Π(E8) be such that 〈αi j ,αi j+1 〉 = −1 for 1  j  4. If ai1 = ai5 = 1 then μ =
λ − αi1 − αi2 − αi3 − αi4 − αi5 ∈ Λ(V ) and dim(VTE8 (μ)) 4. Recall that αi /∈ Σ(G0), ∀i ∈ {1, . . . ,8}.
For {i, j,k, l,m} = {i1, i2, i3, i4, i5}, if αi + α j ∈ Σ(G0), then (i, j) = (1,3) or (3,4), so {i1, i5} = {1,6}
or {3,7}. If {i1, i5} = {1,6} (respectively {3,7}), then μ|TG0 occurs with multiplicity at most 2 in the
composition factor of V |G0 with highest weight λ|TG0 , and with multiplicity at most 1 in the com-
position factor with highest weight (λ − α1 − α5 − α6)|TG0 (respectively (λ − α3 − α7)|TG0 ), where
dim(VTE8 (λ − α1 − α5 − α6)) = 1 (respectively dim(VTE8 (λ − α3 − α7)) = 1), and μ|TG0 doesn’t occur
under another weight in V |G0 . If {i1, i5} = {2,7} (respectively {4,8}), then μ|TG0 occurs with multi-
plicity at most 1 in each of the composition factors of V |G0 with highest weight (λ − α2 − α4)|TG0
and (λ − α2 − α7)|TG0 (respectively (λ − α4 − α5)|TG0 , (λ − α4 − α8)|TG0 and (λ − α7 − α8)|TG0 ),
where dim(VTE8 (λ−α2 −α4)) = dim(VTE8 (λ−α2 −α7)) = 1 (respectively dim(VTE8 (λ−α4 −α5)) =
dim(VTE8 (λ − α4 − α8)) = dim(VTE8 (λ − α7 − α8)) = 1), and μ|TG0 doesn’t occur under another
weight in V |G0 . In each case μ|TG0 must be the highest weight of a composition factor of V |G0 so
μ ∈ W(E8) · λ which is impossible.
Let αi1 , . . . ,αi6 ∈ Π(E8) be such that 〈αi j ,αi j+1 〉 = −1 for 1  j  5. If ai1 = ai6 = 1 then μ =
λ − αi1 − αi2 − αi3 − αi4 − αi5 − αi6 ∈ Λ(V ) and dim(VTE8 (μ)) 5. If λ = λ1 + λ7 then μ|TG0 occurs
with multiplicity at most 2 in each of the composition factors of V |G0 with highest weight (λ−α7)|TG0
and (λ − α1)|TG0 and μ|TG0 doesn’t occur under another weight in V |G0 . If λ = λ3 + λ8 then μ|TG0
occurs with multiplicity at most 2 in the composition factor of V |G0 with highest weight (λ−α8)|T 0 ,G
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α4 − α5)|TG0 and (λ − α3 − α7 − α8)|TG0 , where dim(VTE8 (λ − α8)) = dim(VTE8 (λ − α3 − α4 − α5)) =
dim(VTE8 (λ−α3−α7−α8)) = 1 and μ|TG0 doesn’t occur under another weight in V |G0 . If λ = λ2+λ8,
then μ|TG0 occurs with multiplicity at most 1 in each of the composition factors of V |G0 with highest
weight (λ−α2 −α7 −α8)|TG0 , (λ−α2 −α4 −α5)|TG0 and (λ−α2 −α4 −α8)|TG0 , where dim(VTE8 (λ−
α2 − α7 − α8)) = dim(VTE8 (λ − α2 − α4 − α5)) = dim(VTE8 (λ − α2 − α4 − α8)) = 1 and μ|TG0 doesn’t
occur under another weight in V |G0 . In each case μ|TG0 must be the highest weight of a composition
factor of V |G0 which is impossible.
If λ = λ1 + λ8 then μ = λ − α1 − α3 − α4 − α5 − α6 − α7 − α8 ∈ Λ(V ) and dim(VTE8 (μ))  6.
The weight μ|TG0 occurs with multiplicity at most 2 in each of the composition factors of V |G0 with
highest weight (λ − α1 − α8)|TG0 and (λ − α7 − α8)|TG0 , and with multiplicity at most 1 in the com-
position factor with highest weight (λ − α1 − α3 − α4 − α5)|TG0 , where dim(VTE8 (λ − α1 − α8)) =
dim(VTE8 (λ − α7 − α8)) = dim(VTE8 (λ − α1 − α3 − α4 − α5)) = 1 and μ|TG0 doesn’t occur under
another weight in V |G0 . So μ|TG0 must be the highest weight of a composition factor of V |G0 and
μ ∈ W(E8) · λ which is impossible.
So λ = λs for some s ∈ {1, . . . ,7} (since L(G0) is a proper submodule of L(E8)|G , we have V = L(E8)
so λ = λ8). For i ∈ {1, . . . ,8}, we write βi =∑8j=1 ni, jα j . We have nw−1(i),s = 〈λs, βw−1(i)〉 = 〈w ·λs, βi〉,∀w ∈ W .
If s = 1, then μ = λ1 −α1 −α3 −α4 −α5 ∈ Λ(V ) and μ|TG0 is the highest weight of a composition
factor in V |G0 . So ∃w ∈ W such that μ|TG0 = (w · λ1)|TG0 . For i = 6,7,8, we get nw−1(i),1 = 1, which
is impossible as n j,1 = 1 if j /∈ {1,6}.
If s = 2 (respectively s = 3,5,6), then μ = λs − αs ∈ Λ(V ) and ∃w ∈ W such that μ|TG0 =
(w · λs)|TG0 . For i ∈ {2,3,6} (respectively i = 6, i = 6 and i = 8) we get nw−1(i),s = 1 (respectively
2, 2 and 4) which is impossible.
If s = 4 (respectively s = 7), then μ = λ4 − α2 − α4 (respectively μ = λ7 − α7 − α8) ∈ Λ(V ) and
∃w ∈ W such that μ|TG0 = (w · λs)|TG0 . For i /∈ {7,8} (respectively i ∈ {2,4,5,6}) we get nw−1(i),s = 1
which is impossible.
Hence G acts reducibly on V . 
Lemma 7.10. If G = A81 · AGL3(2), then V |G is reducible.
Proof. Up to conjugacy we can take Π(G0) = {β1, . . . , β8} where, writing a1 . . .a8 for ∑81 aiαi ,
we have β1 = 11121100, β2 = 12232110, β3 = 10111000, β4 = 12233211, β5 = 11222210, β6 =
11122221, β7 = 11221111 and β8 = 12354321. Since G0 is a maximal rank subgroup of E8, we can
take TG0 = T E8 . As in 6.7, G/G0 is isomorphic to the group W of symmetries induced by W(E8) on
the Dynkin diagram of G0. For each w ∈ W , there is a permutation in S8, denoted also w , such that
w · βi = βw(i) for all i ∈ {1, . . . ,8}.
Suppose that G acts irreducibly on V , then V |G0 = V1 ⊕ · · · ⊕ Vn where V1 is an irreducible KG0-
module with highest weight λ|TG0 , Vi = gi · V1 for some gi ∈ G and n divides |W |. As in 6.7 we get
ai ∈ {0,1}, ∀i ∈ {1, . . . ,8}.
Let αi1 ,αi2 ∈ Π(E8) be such that 〈αi1 ,αi2 〉 = −1. If ai1 = ai2 = 1 then μ = λ − αi1 − αi2 ∈ Λ(V )
and μ|TG0 must be the highest weight of a composition factor of V |G0 . So μ ∈ W(E8) · λ which is
impossible as μ is a dominant weight of T E8 and μ = λ.
Let αi1 ,αi2 ,αi3 ∈ Π(E8) be such that 〈αi j ,αi j+1 〉 = −1 for 1  j  2. If ai1 = ai3 = 1 then μ =
λ − αi1 − αi2 − αi3 ∈ Λ(V ) and μ|TG0 must be the highest weight of a composition factor of V |G0
which is impossible as before.
Let αi1 , . . . ,αi4 ∈ Π(E8) be such that 〈αi j ,αi j+1 〉 = −1 for 1  j  3. If ai1 = ai4 = 1 then
μ = λ − αi1 − αi2 − αi3 − αi4 ∈ Λ(V ), μ|TG0 occurs with multiplicity at most 1 in the composition
factor of V |G0 with highest weight λ|TG0 and μ|TG0 doesn’t occur under another weight in V |G0 . Since
dim(VTE8 (μ))  3 (2.7), μ|TG0 must be the highest weight of a composition factor of V |G0 which is
impossible.
Let αi1 , . . . ,αi5 ∈ Π(E8) be such that 〈αi j ,αi j+1 〉 = −1 for 1  j  4. If ai1 = ai5 = 1 then
μ = λ − αi1 − αi2 − αi3 − αi4 − αi5 ∈ Λ(V ), μ|TG0 occurs with multiplicity at most 1 in the com-
position factor of V |G0 with highest weight λ|T 0 and μ|T 0 doesn’t occur under another weight inG G
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which is impossible.
If λ = λ1 + λ7 then μ = λ − α1 − α3 − · · · − α7 ∈ Λ(V ) and dim(VTE8 (μ)) 5. The weight μ|TG0
occurs with multiplicity at most 1 in the composition factor of V |G0 with highest weight (λ − α6 −
α7)|TG0 and μ|TG0 doesn’t occur under another weight in V |G0 . Since dim(VTE8 (λ − α6 − α7)) = 1,
μ|TG0 must be the highest weight of a composition factor of V |G0 which is impossible.
In the same way we have λ = λ2 + λ8 and λ = λ3 + λ8.
If λ = λ1 + λ8 then μ = λ − α1 − α3 − α4 − · · · − α8 ∈ Λ(V ) and dim(VTE8 (μ))  6. The weight
μ|TG0 occurs with multiplicity at most 1 in the composition factor of V |G0 with highest weight (λ −
α6 − α7 − α8)|TG0 and μ|TG0 doesn’t occur under another weight in V |G0 . Since dim(VTE8 (λ − α6 −
α7 − α8)) = 1, μ|TG0 must be the highest weight of a composition factor of V |G0 which is impossible.
So λ = λs for some s ∈ {1, . . . ,7} (if V = L(E8) then L(G0) would be a proper submodule of V |G
which is impossible, so λ = λ8). For i ∈ {1, . . . ,8}, we write βi =∑8j=1 ni, jα j . We have nw−1(i),s =〈λs, βw−1(i)〉 = 〈w · λs, βi〉, ∀w ∈ W .
If s = 1 (respectively s = 2,4,5), then μ = λs − αs ∈ Λ(V ) and μ|TG0 is the highest weight of a
composition factor in V |G0 . So ∃w ∈ W such that μ|TG0 = (w · λs)|TG0 . For j = 1 (respectively j = 8,
j = 8 and j /∈ {3,8}) we get nw−1( j),s = 0 (respectively 3, 4 and 2) which is impossible.
If s = 3 (respectively s = 6,7) then μ = λ−α3 −α4 −α5 ∈ Λ(V ) (respectively μ = λ−α6 −α7 and
μ = λ7 −α1 −α2 −α3 −α4 −α5 −α6 −α7 ∈ Λ(V )) and μ|TG0 is the highest weight of a composition
factor in V |G0 . So ∃w ∈ W such that μ|TG0 = (w · λ3)|TG0 . Then nw−1(3),3 = 0 (respectively nw−1(4),6 =
nw−1(8),6 = 3 and nw−1(8),7 = 3) which is impossible.
Hence G acts reducibly on V . 
Lemma 7.11. If G = T8 · W(E8), then V |G is reducible.
Proof. By 2.4, G = NE8 (T E8 ) acts irreducibly on V if and only if λ is minimal. Since Λ has no nonzero
minimal weight (for root system E8), we deduce that V |G is reducible. 
8. The classical groups
In this section we follow [19, Theorem 1] to describe the maximal subgroups of some classical
groups. Let W be an n-dimensional vector space over an algebraically closed ﬁeld K of characteristic
p  0 and let f be one of the following forms on W :
• the zero bilinear form on W ,
• a non-degenerate alternating bilinear form,
• a non-degenerate quadratic form,
where non-degenerate means the radical of the underlying bilinear form is trivial, except when p = 2
and W is an odd dimensional orthogonal space, where we say f is non-degenerate provided the
radical of its bilinear form is a non-singular 1-space. Deﬁne I(W ) to be the full isometry group of f .
Set Cl(W ) = I(W )′ , then Cl(W ) = I(W ) ∩ SL(W ) with the exception that if p = 2 and f is a non-
degenerate quadratic form then Cl(W ) has index 2 in GO(W ) ∩ SL(W ). By abuse of language, we
write Cl(W ) = SL(W ), Sp(W ), respectively SO(W ), in case the form is trivial, alternating, respectively
quadratic.
Let H = Cl(W ) be a classical simple algebraic group. We deﬁne ﬁve classes of positive dimensional
subgroups M of H :
Class C1(H): Subspace stabilizers M = HU , where U is a proper nonzero subspace of W satisfying
one of the following: U is totally singular, U is non-degenerate, or, in the case where (H, p) =
(SO(W ),2), U is non-singular of dimension 1.
Class C2(H): Stabilizers of orthogonal decompositions. Here W =⊕t1 Wi , t > 1, the Wi are mutually
orthogonal and isometric and M = H{W1,...,Wt } = (I(W1)wr St) ∩ H .
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where W1,W2 are maximal totally singular subspaces and M = H{W1,W2} . If n = 2m, then M =
GLm · S2 or GLm (the latter only when H = SO(W ) and m is odd).
Class C4(H): Tensor product subgroups. Suppose W = W1 ⊗ W2 where dim(Wi) > 1 or W =⊗t
1 Wi , t > 1, where the Wi are mutually isometric. In each case suppose the bilinear (or
quadratic) form on W is the product of appropriate forms on Wi . Then the group Cl(W1)◦Cl(W2)
or ΠCl(Wi) acts naturally on W . We will write Cl(W1) ⊗ Cl(W2) or ⊗Cl(Wi) for such a central
product of classical groups. When p = 2 we have Sp⊗ SO < Sp⊗ Sp and⊗ SOt <⊗ Spt . Therefore
the tensor product subgroups Cl(W1) ⊗ Cl(W2) considered are
SL⊗ SL < SL, Sp⊗ SO < Sp (p = 2),
Sp⊗ Sp < SO, SO⊗ SO < SO (p = 2),
and the tensor product subgroups
⊗
Cl(Wi) considered are
⊗
SLt < SL,
⊗
Spt < Sp (t odd, p = 2),
⊗
SOt < SO
(
p = 2,dim(Vi) = 2,4
)
,
⊗
Spt < SO (t even or p = 2).
The members of C4(H) are M = NH (Cl(W1) ⊗ Cl(W2)) or M = NH (⊗Cl(Wi)).
Class C5(H): Classical subgroups M = NH (Sp(W )),NH (SO(W )) in H = SL(W ), and M = NH (SO(W ))
in H = Sp(W ) with p = 2.
Theorem8.1. (See [19, Theorem 1].) Let H = Cl(W ) be a classical simple algebraic group and let G be a positive
dimensional closed subgroup of H. Then one of the following holds:
(i) G is contained in a member of
⋃5
i=1 Ci(H).
(ii) Modulo scalars G is almost simple and W |G0 is irreducible and tensor indecomposable.
In the following lemmas we suppose n = 8. Fix a maximal torus T of H and a set of simple roots
{βi} in the root system of H . Let si be the simple reﬂection corresponding to βi . Set Z = Z(H).
Lemma 8.2. If G is a proper positive dimensional closed subgroup of H = SO8(K ), then G  M · Z where, up
to conjugacy in GO8(K ), M is one of the following:
(i) M is a maximal parabolic subgroup of H.
(ii) M = B3 , Π(M) = {r1, r2, r3} with
xr1(t) = xβ1(t), xr2(t) = xβ2(t), xr3(t) = xβ3(t)xβ4(t),
hr1(c) = hβ1(c), hr2(c) = hβ2(c), hr3(c) = hβ3(c)hβ4(c).
(iii) M = T1A3 · S2 and Π(M0) = {β3, β2, β4}.
(iv) M = A1B2 , Π(M) = {r1} ∪ {r2, r3} with
xr1(t) = xβ1+β2+β3(t)xβ1+β2+β4(t), xr2(t) = xβ2(t), xr3(t) = xβ3(t)xβ4(t),
hr1(c) = hβ1
(
c2
)
hβ2
(
c2
)
hβ3(c)hβ4(c), hr2(c) = hβ2(c), hr3(c) = hβ3(c)hβ4(c).
(v) M = A41 · S22 and Π(M0) = {1111} ∪ {1100} ∪ {0110} ∪ {0101}.
(vi) M = NSO8(K )(T ).
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(viii) p = 2, M = A1C2 and Π(M) = {r1} ∪ {r2, r3} with
hr1(c) = hβ1(c)hβ2
(
c2
)
hβ3
(
c2
)
hβ4(c), hr2(c) = hβ1(c)hβ4(c), hr3(c) = hβ2(c).
(ix) p = 3, M0 = A2 and Π(M0) = {r1, r2} with
hr1(c) = hβ1(c)hβ3(c)hβ4(c), hr2(c) = hβ1(c)hβ2
(
c3
)
hβ3(c)hβ4(c).
(x) M = B3 and Π(M) = {r1, r2, r3} with
xr1(t) = xβ3(t), xr2(t) = xβ2(t), xr3(t) = xβ1(t)xβ4(t),
hr1(c) = hβ3(c), hr2(c) = hβ2(c), hr3(c) = hβ1(c)hβ4(c).
(xi) p = 2, M = C3 and Π(M) = {r1, r2, r3} with
xr1(t) = xβ4
(
t2
)
, xr2(t) = xβ2
(
t2
)
, xr3(t) = xβ1(t)xβ3(t),
hr1(c) = hβ4
(
c2
)
, hr2(c) = hβ2
(
c2
)
, hr3(c) = hβ1(c)hβ3(c).
Proof. We use 8.1 and ﬁnd the maximal positive dimensional closed subgroups M1 of H = SO8(K ).
We have Z = 〈hβ1 (−1)hβ3 (−1),hβ1 (−1)hβ4 (−1)〉. It is obvious that Z  M1. If M1 is a member of⋃5
i=1 Ci(SO8(K )), then one of the following holds:
1. M1 = StabSO8 (U ) where U is a proper nonzero totally singular subspace of W , hence M1 is as
in (i).
2. M1 = StabSO8 (U ) where U is a 1-dimensional non-singular subspace of W .
If p = 2 then W = U ⊕ U⊥ and M1 = B3 · Z as in (ii).
If p = 2 then U ⊂ U⊥ and U⊥ is a non-degenerate 7-dimensional orthogonal space. Set U = 〈u〉
and let B = {u, ei, f i, v | 1  i  3} be a base of W such that ei, f i ∈ U⊥ , (ei + U , f i + U ) is a
hyperbolic pair in U⊥/U and 〈ei, f i | 1  i  3〉⊥ = 〈u, v〉. Since M1 stabilizes U⊥ , let ρ : M1 →
I(U⊥) be the corresponding representation. If c ∈ Ker(ρ), then the action of c on W is given (with
respect to B) by ( I7 wt
0 1
)
, where w ∈ K 7. So cv − v ∈ 〈ei, f i | 1 i  3〉⊥ and w = (a,0, . . . ,0) for
some a ∈ K and c has order 1 or 2. The elements of I(W ) of order 2 lie in I(W ) \ Cl(W ) (see 2.5
of [16]) so a = 0. A similar argument shows I(U⊥) ∩ SO8 = B3 so M1 is as in (ii).
3. M1 = StabSO8 (U ) where U is a 2-dimensional non-degenerate subspace of W . Then W = U ⊕ U⊥
and M1 = (I(U ) × I(U⊥)) ∩ SO8 = NSO8 (M01) where M01 = T1A3 and, up to conjugacy, Π(M01) is
as in (iii), 〈s1s2s3s4s2s1〉 ∼= S2 induces a group of graph automorphisms on the Dynkin diagram
of M01.
4. M1 = StabSO8 (U ) where U is a 3-dimensional non-degenerate subspace of W . Then W = U ⊕ U⊥
and M1 = (I(U )× I(U⊥))∩ SO8 = A1B2 · Z is as in (iv), the root subgroups of A1B2 are described
in [33, p. 67].
5. M1 = StabSO8 (U ⊕U⊥) = (I(U )wr S2)∩ SO8 where U is a 4-dimensional non-degenerate subspace
of W . So M1 = NSO8 (M01) where M01 = A41 and, up to conjugacy, Π(M01) is as in (v), 〈s1s3, s1s4〉 ∼=
S22 induces a group of graph automorphisms on the Dynkin diagram of M01.
6. M1 = StabSO8 (
⊕4
1 Wi) = (I(W1)wr S4)∩SO8 where the Wi are mutually orthogonal and isometric
2-dimensional non-degenerate subspaces of W . So M1 = NSO8(K )(T ) as in (vi).
7. M1 = StabSO8 (W1 ⊕ W2) = GL4 · S2 where W1 and W2 are 4-dimensional totally singular sub-
spaces of W , hence M1 is as in (vii).
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is as in (viii).
If p = 2, then the 8-dimensional irreducible representation LB3 (001) of B3 embeds B3 in H . The
short root subgroup A1B2 of B3 (as in [26, p. 67]) acts irreducibly on this module, the restriction
is precisely the tensor product of the two natural modules. So M1 is not maximal in H if p = 2.
9. p = 2 and M1 = NSO8 (SO2 ⊗ SO4) so M01 = T1A21. Set W = W2 ⊗ W4 and let {e1, f1} and{e2, f2, e3, f3} be bases of W2 and W4 consisting of orthogonal hyperbolic pairs with respect to
ﬁxed non-degenerate quadratic forms on W2 and W4. Then W = 〈e1 ⊗ e2, e1 ⊗ f2, e1 ⊗ e3, e1 ⊗
f3〉⊕ 〈 f1 ⊗ e2, f1 ⊗ f2, f1 ⊗ e3, f1 ⊗ f3〉 = U1 ⊕U2 is a decomposition of W into two maximal to-
tally singular subspaces and the normalizer of SO2 ⊗ SO4 in SO8 is contained in StabSO8 (U1 ⊕U2),
so M1 is not maximal in H .
10. p = 2 and M1 = NSO8 (Sp2 ⊗ Sp2 ⊗ Sp2) so M01 = A31. Since M01 acts irreducibly on W we get
CSO8 (M
0
1) = Z and NSO8 (M01)/M01CSO8 (M01)  S3. The 8-dimensional irreducible representation
LC3 (001) of C3 embeds C3 in H . The natural A
3
1 subgroup of C3 acts irreducibly on this mod-
ule, the restriction is precisely the tensor product of the three natural modules. Moreover the
normalizer of Sp2 ⊗ Sp2 ⊗ Sp2 in H is contained in C3, so M1 is not maximal in H .
If M1 is almost simple and W |M01 is irreducible and tensor indecomposable, then we may assume that
W |M01 is restricted and irreducible. So CSO8 (M1) = Z and one of the following holds:
1. p = 3, M01 = A2 and W |M01  LA2 (11) as in (ix). The subgroup M
0
1 represents one of the two H-
conjugacy classes of ﬁxed points for elements of order 3 of Hτ where τ is a graph automorphism
of order 3 of H [12, 9-1].
2. M01 = B3 and W |M01  LB3 (ω3). So M1 = B3 · Z is as in (x).
3. p = 2, M01 = C3 and W |M01  LC3 (ω3). So M1 = C3 · Z is as in (xi). 
Lemma 8.3. If G is a proper positive dimensional closed subgroup of H = Sp8(K ), then G  M · Z where, up
to conjugacy, M is one of the following:
(i) M is a maximal parabolic subgroup of H.
(ii) M = A1C3 , Π(M) = {2221} ∪ {β2, β3, β4}.
(iii) M = C22 · S2 , Π(M0) = {β1,0221} ∪ {β3, β4}.
(iv) M = A41 · S4 , Π(M0) = {2221} ∪ {0221} ∪ {0021} ∪ {β4}.
(v) M = GL4 · S2 , Π(M0) = {β1, β2, β3}.
(vi) p = 2 and M = A31 · S3 , Π(M0) = {r1} ∪ {r2} ∪ {r3} with
hr1(c) = hβ1(c)hβ3(c), hr2(c) = hβ1(c)hβ2
(
c2
)
hβ3(c),
hr3(c) = hβ1(c)hβ2
(
c2
)
hβ3
(
c3
)
hβ4
(
c4
)
.
(vii) p = 2 and M = D4 · S2 , Π(M0) = {β1, β2, β3, β3 + β4}.
(viii) p > 7 and M = A1 , Π(M) = {r}, hr(c) = hβ1(c7)hβ2(c12)hβ3(c15)hβ4(c16).
Proof. We use 8.1 and ﬁnd the maximal positive dimensional closed subgroups M1 of H = Sp8(K ).
We have Z = 〈hβ1 (−1)hβ3 (−1)〉. It is obvious that Z  M1. If M1 is a member of
⋃5
i=1 Ci(Sp8(K )),
then one of the following holds:
1. M1 = StabSp8 (U ) where U is a proper nonzero totally singular subspace of W , hence M1 is as
in (i).
2. M1 = StabSp8 (U ) where U is a 2-dimensional non-degenerate subspace of W . Then W = U ⊕ U⊥
and M1 = (I(U ) × I(U⊥)) ∩ Sp8 = A1C3 as in (ii).
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of W . So M1 = NSp8 (M01) where M01 = C22 and, up to conjugacy, Π(M01) is as in (iii), 〈s2s1s3s2〉 ∼=
S2 induces a group of graph automorphisms on the Dynkin diagram of M01.
4. M1 = StabSp8 (
⊕4
1 Wi) = (I(W1)wr S4)∩ Sp8 where the Wi are mutually orthogonal and isometric
2-dimensional non-degenerate subspaces of W . So M1 = NSp8 (M01) where M01 = A41 and, up to
conjugacy, Π(M01) is as in (iv), 〈s1, s2, s3〉 ∼= S4 induces a group of graph automorphisms on the
Dynkin diagram of M01.
5. M1 = StabSp8 (W1 ⊕ W2) = GL4 · S2 where W1 and W2 are 4-dimensional totally singular sub-
spaces of W , hence M1 is as in (v).
6. p = 2 and M1 = NSp8 (Sp2 ⊗ Sp2 ⊗ Sp2) so M01 = A31 as in (vi). Since M1 acts irreducibly on W we
get CSp8 (M1) = Z < M01 and M1  A31 · S3.
We write W = W1 ⊗ W2 ⊗ W3. Let {ei, f i} be a symplectic basis with respect to a ﬁxed non-
degenerate alternating bilinear form on Wi . Then B1,2 = {u1,u2,u3,u4}, B2,3 = {v1, v2, v3, v4}
and B = {w1, . . . ,w8} are ordered bases for W1 ⊗ W2, W2 ⊗ W3 and W ((wi,wi+4) is a hyper-
bolic pair) respectively, where
u1 = e1 ⊗ e2, u2 = e1 ⊗ f2, u3 = f1 ⊗ e2, u4 = f1 ⊗ f2,
v1 = e2 ⊗ e3, v2 = e2 ⊗ f3, v3 = f2 ⊗ e3, v4 = f2 ⊗ f3,
w1 = e1 ⊗ e2 ⊗ e3, w2 = e1 ⊗ f2 ⊗ f3, w3 = f1 ⊗ e2 ⊗ f3, w4 = f1 ⊗ f2 ⊗ e3,
w5 = f1 ⊗ f2 ⊗ f3, w6 = f1 ⊗ e2 ⊗ e3, w7 = e1 ⊗ f2 ⊗ e3, w8 = e1 ⊗ e2 ⊗ f3.
Let a and b be the elements of GL(W1 ⊗ W2) and GL(W2 ⊗ W3) given (with respect to B1,2
and B2,3) by A =
(
1 0 0
0 J2 0
0 0 1
)
and B =
(
0 0 1
0 I2 0
1 0 0
)
respectively, where J2 =
( 0 1
1 0
)
. The involutions x =
a ⊗ I2 ∈ GL4 ⊗ Sp2 and y = I2 ⊗ b ∈ Sp2 ⊗ GL4 are not contained in Sp2 ⊗ Sp2 ⊗ Sp2, their actions
on W are given (with respect to B) by diag(A, A) and diag( J2, I2, J2, I2) respectively, and thus
they belong to M1. Since 〈x, y〉 ∼= S3, we get M1 = A31 · S3 as in (vi).
7. p = 2 and M1 = NSp8 (Sp2 ⊗ SO4) so M01 = A31. Since M1 acts irreducibly on W we get CSp8 (M1) =
Z < M01 and M1 = (Sp2 ⊗ O 4) ∩ Sp8.
We write W = W1 ⊗ U1 where W1 is a 2-dimensional non-degenerate symplectic space and
U1 is a 4-dimensional non-degenerate orthogonal space. We may write U1 = W2 ⊗ W3 where
W2 and W3 are 2-dimensional symplectic spaces. So SO4 = Sp2 ◦ Sp2 (the central product) and
O 4 = (Sp2 ◦ Sp2) · S2 where the outer involution interchanges the two copies of Sp2. Let {ei, f i}
be a symplectic basis for Wi with respect to a ﬁxed non-degenerate alternating bilinear form
on Wi . Then B1 = {u1,u2,u3,u4} and B = {e1 ⊗ ui, f1 ⊗ ui,1  i  4} are bases of U1 and W
respectively, where u1 = e2 ⊗ e3, u2 = f2 ⊗ f3, u3 = e2 ⊗ f3, u4 = f2 ⊗ e3. Let x be the element
of O 4 given (with respect to B1) by A =
( 0 J2
I2 0
)
. The involution z = I2 ⊗ x in Sp2 ⊗ O 4 is not
contained in Sp2 ⊗ SO4, its action on W is given (with respect to B) by diag(A, A) and thus it
belongs to M1. Hence M1 = Sp2 ⊗ O 4 = A31 · S2. Up to conjugacy, the subgroup described in item
6 is precisely the normalizer in Sp8 of the decomposition W1 ⊗ W2 ⊗ W3 and since z preserves
this decomposition, M1 is not maximal in H .
8. p = 2 and M1 = NSp8 (SO2 ⊗ Sp4) so M01 = T1C2. As in item 9 of 8.2, M1 is not maximal in H .
9. p = 2 and M1 = NSp8 (SO8). Then M01 = D4 is as in (vii) and M1 = SO8.NSp8 (T ) so |M1 : M01| 
|NSp8 (T ) : NSO8 (T )| = |W(C4)|/|W(D4)| = 2 and M1/M01 = 〈s4〉 ∼= S2.
If M1 is almost simple and W |M01 is restricted and irreducible, then CSp8 (M1) = Z and one of the
following holds:
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tion of B3 embeds B3 in D4 < C4, the representation is the restriction of a spin representation of
D4 to one of the naturally deﬁned B3 in D4 (see 8.2), so M1 is not maximal in H .
2. p = 2, M01 = C3 and W |M01  LC3 (ω3). So M1 = C3 · Z . The image of C3 under the representation
with highest weight ω3 is precisely the image of B3 as in 1, and hence is not a maximal subgroup
of H .
3. p > 7, M01 = A1 and W |M01  LA1 (7). So M1 = A1 · Z is as in (viii). 
Lemma 8.4. If G is a proper positive dimensional closed subgroup of H = SL8(K ), then G  M · Z where, up
to conjugacy, M is one of the following:
(i) M is a maximal parabolic subgroup of H.
(ii) M = T3A41 · S4 , Π(M0) = {β1} ∪ {β3} ∪ {β5} ∪ {β7}.
(iii) M = T1A23 · S2 , Π(M0) = {β1, β2, β3} ∪ {β5, β6, β7}.
(iv) M = A1A3 , Π(M) = {r} ∪ {r1, r2, r3} with
hr(c) = hβ1(c).hβ2
(
c2
)
.hβ3
(
c3
)
.hβ4
(
c4
)
.hβ5
(
c3
)
.hβ6
(
c2
)
.hβ7(c),
hr1(c) = hβ1(c).hβ5(c), hr2(c) = hβ2(c).hβ6(c), hr3(c) = hβ3(c).hβ7(c).
(v) M = C4 , Π(M) = {r1, r2, r3, r4} with
xr1(t) = xβ1(t)xβ7(t), xr2(t) = xβ2(t)xβ6(t), xr3(t) = xβ3(t)xβ5(t),
xr4(t) = xβ4(t),
hr1(c) = hβ1(c)hβ7(c), hr2(c) = hβ2(c)hβ6(c), hr3(c) = hβ3(c)hβ5(c),
hr4(c) = hβ4(c).
(vi) M0 = D4 and Π(M0) = {r1, r2, r3, r4} with
hr1(c) = hβ1(c)hβ7(c), hr2(c) = hβ2(c)hβ6(c), hr3(c) = hβ3(c)hβ5(c),
hr4(c) = hβ3(c)hβ4
(
c2
)
hβ5(c).
(vii) p = 3, M0 = A2 and Π(M0) = {r1, r2} with
hr1(c) = hβ1(c).hβ3
(
c2
)
.hβ4
(
c2
)
.hβ5
(
c2
)
.hβ7(c),
hr2(c) = hβ1(c).hβ2
(
c3
)
.hβ3
(
c2
)
.hβ4
(
c2
)
.hβ5
(
c2
)
.hβ6
(
c3
)
.hβ7(c).
Proof. We use 8.1 and ﬁnd the maximal positive dimensional closed subgroups M1 of H = SL8(K ). We
have Z = 〈∏7i=1 hβi (wi) | w8 = 1〉. It is obvious that Z  M1. If M1 is a member of ⋃5i=1 Ci(SL8(K )),
then one of the following holds:
1. M1 = StabSL8 (U ) where U is a proper nonzero subspace of W , hence M1 is as in (i).
2. M1 = StabSL8
⊕4
1 Wi , where the Wi are 2-dimensional subspaces of W . So M1 = (GL2wr S4) ∩
SL8  T3A41 · S4.
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be the elements of GL(W ) given (with respect to B) by
⎛
⎜⎝
0 I2 0 0
I2 0 0 0
0 0 I2 0
0 0 0 I2
⎞
⎟⎠ and
⎛
⎜⎝
0 0 0 I2
I2 0 0 0
0 I2 0 0
0 0 I2 0
⎞
⎟⎠
respectively. Then a,b ∈ M1 and since S4 = 〈a,b〉, we get M1 = T3A41 · S4 as in (ii).
3. M1 = StabSL8 (W1 ⊕ W2) = (GL4wr S2) ∩ SL8, where W1 and W2 are 4-dimensional subspaces
of W . An argument similar to that in item 2 shows that M1 = T1A23 · S2 as in (iii).
4. M1 = NSL8 (SL2 ⊗ SL4) = (GL2 ⊗ GL4) ∩ SL8 = (SL2 ⊗ SL4) · Z so M01 = A1A3 as in (iv).
5. M1 = NSL8 (SL2 ⊗ SL2 ⊗ SL2). As in the proof of item 6 of 8.3, we get M1/Z = A31 · S3. If p = 2 then
M1 < D4 · Z by 8.2 and if p = 2 then M1 < C4 · Z by 8.3. So M1 is not maximal in H .
6. M1 = NSL8 (Sp8). Then M01 = C4 is the ﬁxed point subgroup of a nontrivial graph automorphism
of H as in (v) and W |M01  LC4 (ω1). Since M1 acts irreducibly on W we get CSL8 (M1) = Z , hence
M1 = C4 · Z .
7. M1 = NSL8 (SO8). Then M01 = D4 and W |M01  LD4 (1000) as in (vi).
If M1 is almost simple and W |M01 is restricted and irreducible, then CSL8 (M1) = Z and one of the
following holds:
1. p = 2, M01 = C3 and W |M01  LC3 (ω3). So M1 = C3 · Z < SO8 · Z < H and M1 is not maximal in H .
2. M01 = B3 and W |M01  LB3 (ω3). So M1 = B3 · Z < SO8 · Z < H and M1 is not maximal in H .
3. p = 3 and M01 = A2 and W |M01  LA2 (11) as in (vii). 
9. The induction
Throughout this section let Y be a simply connected simple algebraic group of exceptional type
over K , G a closed disconnected positive dimensional subgroup of Y and V a nontrivial irreducible
restricted KY -module with highest weight λ. We seek to classify all possible triples (G, Y , V ) where
V |G is irreducible. By 2.10, G0 is reductive so D = [G0,G0] is semisimple and V |D is irreducible if
and only if V |G0 is irreducible (2.18). The analysis is different depending on whether G0 (hence D)
acts reducibly or irreducibly on V . The case when D acts irreducibly on V is covered by the Main
Theorem of [31]:
Theorem 9.1. (See [31, Main Theorem].) Let A be a semisimple closed subgroup of Y and V a nontrivial irre-
ducible tensor indecomposable rational K Y -module of restricted highest weight λ such that V |A is irreducible.
Then (Y , A, λ|TY , λ|T A ) is one of the following:
(i) (G2, A1, λ1,6ω) and p  7.
(ii) (G2, A˜2,aλ1,aω1 + aω2) and p = 3.
(iii) (G2, A2,aλ2,aω1 + aω2) and p = 3.
(iv) (F4,G2, λ4,2ω1) and p = 7.
(v) (F4, D˜4,aλ3 + bλ4,aω1 + bω2 + aω3 + aω4) and p = 2.
(vi) (F4, D4,aλ1 + bλ2,bω1 + aω2 + bω3 + bω4) and p = 2.
(vii) (F4,C4,aλ3 + bλ4,aω1 + bω2 + aω3) and p = 2.
(viii) (F4, B4,aλ1 + bλ2,bω1 + aω2 + bω3) and p = 2.
(ix) (E6, A2, λ1 or λ6,2ω1 + 2ω2) and p = 2,5.
(x) (E6,G2, λ1 or λ6,2ω1) and p = 2,7.
(xi) (E6,C4, λ1 or λ6,ω2) and p > 2.
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(xiii) (E6, F4, (p − 3)λ1 or (p − 3)λ6, (p − 3)ω4) and p > 3.
By [22, Corollary 2], NY (A) is a maximal closed subgroup in Y in all above cases except the case
Y = E6, A = A2 and p = 3 (where NE6 (A2) < G2 < E6). Moreover |NY (A) : (A × Z(Y ))| > 1 if and only
if A is of type A2, A˜2, D4, D˜4, where NY (A) induces the group of graph automorphisms on A. Recall
that Z(Y ) > 1 if and only if Y = E6 and p = 3 or Y = E7 and p = 2 and in the cases (ix), (x), (xi), (xii)
and (xiii) above, we have Z(E6)  A. We get
Proposition 9.2. V |G0 is irreducible if and only if one of the following holds:
(i) Y = G2,G = A˜2 · S2, λ|TY = aλ1, λ|TG0 = aω1 + aω2 and p = 3.
(ii) Y = G2,G = A2 · S2, λ|TY = aλ2, λ|TG0 = aω1 + aω2 and p = 3.
(iii) Y = F4, D˜4 < G  D˜4 · S3, λ|TY = aλ3 + bλ4, λ|TG0 = aω1 + bω2 + aω3 + aω4 and p = 2.
(iv) Y = F4, D4 < G  D4 · S3, λ|TY = aλ1 + bλ2, λ|TG0 = bω1 + aω2 + bω3 + bω4 and p = 2.
(v) Y = E6, A2 < G  (A2 · S2) × Z(E6), λ|TY = λ1 or λ6, λ|TG0 = 2ω1 + 2ω2 and p = 2,5.
(vi) Y = E6,G = G2 × Z(E6), λ|TY = λ1 or λ6, λ|TG0 = 2ω1 and p = 2,3,7.
(vii) Y = E6,G = C4 × Z(E6), λ|TY = λ1 or λ6, λ|TG0 = ω2 and p > 3.
(viii) Y = E6,G = F4× Z(E6), λ|TY = λ1+ (p−2)λ3 or (p−2)λ5+λ6, λ|TG0 = (p−2)ω3+ω4 and p > 3.
(ix) Y = E6,G = F4 × Z(E6), λ|TY = (p − 3)λ1 or (p − 3)λ6, λ|TG0 = (p − 3)ω4 and p > 3.
For the remainder of this section, we suppose that V |G0 is reducible. We get V |G0 = V1 ⊕ · · · ⊕ Vt
where the Vi are conjugate KG0-irreducible modules and 1 < t divides |G/G0|. If G is maximal in Y
then, by 3.1, 4.1, 5.1, 6.1 and 7.1, we get
Proposition 9.3. Let G be a maximal positive dimensional subgroup of Y which acts irreducibly on V . Then
V |G0 is reducible if and only if one of the following holds:
(i) Y = G2,G = A2 · S2, λ|TY = λ1, λ|TG0 = ω1, p = 2 and V |A2 has 2 composition factors.
(ii) Y = E6,G = A32 · S3, λ|TY = λ1 or λ6, λ|TG0 = 10 ⊗ 00 ⊗ 01 (up to automorphism and an ordering of
the roots of G0) and V |A32 has 3 composition factors.
(iii) Y = E7,G = (A2 · S2) × Z(E7), λ|TY = λ7, λ|TG0 = 6ω1, p  7 and V |A2 has 2 composition factors.
(iv) Y = E7,G = ((D4 × S22 ) · S3) × Z(E7), λ|TY = λ7, λ|TG0 = ω2, p  3 and V |D4 has 2 composition
factors.
(v) Y = E7,G = A7 · S2, λ|TY = λ7, λ|TG0 = ω2 and V |A7 has 2 composition factors.
(vi) Y = E7,G = A71 · L3(2), λ|TY = λ7, λ|TG0 = 1⊗1⊗1⊗0⊗0⊗0⊗0 (up to ordering of the roots of G0)
and V |A71 has 7 composition factors.
(vii) Y = E6,G = T E6 · W(E6), λ|TY = λ1 or λ6 .
(viii) Y = E7,G = T E7 · W(E7), λ|TY = λ7 .
Henceforth we assume that G is not maximal in Y . There is a maximal positive dimensional closed
subgroup H of Y , such that G < H . Then V |H is irreducible and H is either the normalizer of one of
the subgroups of Y listed in 9.1 or one of the subgroups of Y listed in 9.3. If H0 is of exceptional
type, then H = H0 × Z(Y ) and one easily checks, using 9.3, that there is no disconnected subgroup
G of H0 such that LH0(λ|TH0 )|G is irreducible and G
0 acts reducibly on LH0(λ|TH0 ). Since Z(Y ) acts as
scalars on V , we deduce that there is no example G < H0 × Z(Y ) here. Hence either H0 is a torus or
H0 is semisimple with all simple components of classical type. Note that Y = E8.
9.1. Case of Y = G2
Here we assume G < H < Y = G2, either H0 is a torus or all simple components of H0 have
classical type, V |G0 is reducible and V |G is irreducible.
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TG2 of G2 and TG2 · D6  G  TG2 · W(G2).
Proof. Suppose V |G is irreducible. Then λ = λ1 with p = 5 or λ = aλ1 or aλ2 with p = 3. Let TG2 be a
maximal torus of Y such that S := Z(G0)0  TG2 . Then L = CY (S) = CY (S)0 is a Levi factor of Y . Pre-
cisely L = 〈TG2 ,Uα | α ∈ Φ(L)〉 where Φ(L) = 〈α ∈ Φ(Y ) | α|S = 0〉. Up to conjugacy, we can suppose
that Π(L) ⊂ Π(Y ). Since G  NY ([L, L]), it stabilizes soc(V |[L,L]) so [L, L] acts completely reducibly
on V . Hence G permutes the simple [L, L]-submodules of V and precisely one of the following holds:
(a) [L, L] = 1 then S = G0 = L = TG2 . So G = TG2 .X where X W(G2). Then X acts transitively on
the set of weight spaces of TG2 in V and all weight spaces of TG2 in V are 1-dimensional. So |X |
is divisible by the dimension of V which is 6,7 or 27. Since W(G2) ∼= D12, we get λ = λ1, p = 2
and G < H where H = A2 · 〈sα1 〉 = A2 · S2. We have λ|TH0 = ω1 and V |A2 has two composition
factors. Since G acts irreducibly on V , we get G = TG2 · 〈sα1 ,W1〉, where W1  W(A2). Either
W1 = 〈(sα1 .sα2 )2〉 so G = TG2 .〈sα1 , sα2 .sα1 .sα2 〉 = TG2 · D6 or W1 = W(A2) so G = TG2 · W(G2).
Moreover each of these subgroups acts irreducibly on LG2(λ1).
(b) All composition factors of V |[L,L] are conjugate and nontrivial. If λ = λ1 with p > 2, then
dim LG2(λ1) = 7 and [L, L] acts irreducibly on V . So Π(L) = Π(Y ) = {α1,α2}. If λ = (p − 1)λ1
with p = 2 or 3 then α1 ∈ Π(L). If α2 /∈ Π(L) then [L, L] = A1 and all composition factors of V |A1
must have the same highest weight. But λ|T A1 and μ = (sα2 sα1λ)|T A1 are different highest weights
of composition factors of V |A1 which is impossible so α2 ∈ Π(L). Similarly if λ = aλ2 with p = 3
then Π(L) = {α1,α2}. Hence L = Y and S = 1 which contradicts the hypothesis. 
Now we assume that G0 = D is semisimple so we must consider the cases (i) of 9.1, (i), (ii) of 9.2
and (i) of 9.3.
1. Suppose λ|TY = λ1 and H = A1 where p  7, then λ|TH = 6ω. Since D is semisimple and D < A1,
there is no example here.
2. Suppose λ|TY = aλ1 and H = A˜2 · S2 where p = 3, then λ|TH0 = aω1 + aω2. Since |H : H0| = 2, we
get rank D < rank H0 so D = A1. If a = 1, then dim(V ) = 7 and A1 cannot act reducibly on V with
conjugate composition factors. If a = 2, then dim(V ) = 27 and V | A˜2  LA2 (2ω1 + 2ω2). Let W be the
natural module for A˜2, then S2W ⊗ S2(W )  2ω1 + 2ω2/ω1 + ω2/002.
(a) If D acts irreducibly on W then W |A1  2.3n for some n ∈ N and we may assume n = 0. Then
LA2 (2ω1 + 2ω2)|D  8/6/43/03 which is impossible.
(b) If D acts reducibly on W then D  P , where P is a proper parabolic of A˜2 with Levi factor L.
Then D acts on the composition factors of LA2 (2ω1 + 2ω2)|[L,L] . One can check that LA2 (2ω1 +
2ω2)|L (so V |D ) has a trivial composition factor which is impossible.
3. Suppose λ|TY = aλ2 and H = A2 · S2 where p = 3, then λ|TH0 = aω1 + aω2. Let τ be the au-
tomorphism of Y described in [4, 12.4.1]. Then τ (H) is the maximal subgroup A˜2 · S2 of Y . Let
ψ : Y → SL(V ) be the irreducible representation of Y with highest weight aλ2, then ψ ◦τ : Y → SL(V )
is an irreducible representation of Y with highest weight 3aλ1. Set V1 = LG2(aλ1). If G < H acts irre-
ducibly on V under the representation ψ , then G must act irreducibly on V 31 under the representation
ψ ◦ τ with ψ ◦ τ (G) < A˜2 · S2 which is impossible by item 2
4. Suppose λ|TY = λ1 and H = A2 · S2 where p = 2, then λ|TH0 = ω1 and V |A2 has 2 composition
factors. Since |H : H0| = 2, we get rank D < rank H0 so D = A1 < A2 and the restrictions to D of the
two composition factors of V |A2 have composition factors with high weights 1 and 0 (p = 2) which is
impossible.
This completes the proof of the Main Theorem for Y = G2.
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Here we assume G < H < Y = F4, either H0 is a torus or all simple components of H0 have
classical type, V |G0 is reducible and V |G is irreducible.
Lemma 9.5. Suppose that λ = aλ3 + bλ4 with p = 2. If V |G is irreducible then Z(G0)0 = 1.
Proof. Suppose V |G is irreducible. Let T F4 be a maximal torus of Y such that S := Z(G0)0  T F4 . Then
L = CY (S) = CY (S)0 is a Levi factor of Y and up to conjugacy, we can suppose that Π(L) ⊂ Π(Y ). As
in the proof of 9.4, precisely one of the following holds:
(a) [L, L] = 1 then S = G0 = L = T F4 . So G = T F4 .X where X  W(F4) and |X | is divisible by the
dimension of V which is 26,246 or 4096. This is impossible since |W(F4)| = 2732.
(b) All composition factors of V |[L,L] are conjugate and nontrivial.
Assume (a,b) = (0,1) then α4 ∈ Π(L). If α3 /∈ Π(L), then either α1 ∈ Π(L) so λ|T [L,L] and (λ −
α3 − α4)|T [L,L] are non-conjugate highest weights of composition factors of V |[L,L] , or α1 /∈ Π(L)
so (λ−α1 −α2 −α3 −α4)|T [L,L] affords a trivial composition factor of V |[L,L] , both are impossible;
so α3 ∈ Π(L). If α2 /∈ Π(L), then λ|T [L,L] and (λ − α1 − 2α2 − 2α3 − α4)|T [L,L] are non-conjugate
highest weights of composition factors of V |[L,L] which is impossible; so α2 ∈ Π(L). If α1 /∈ Π(L),
then λ|T [L,L] and (λ − α1 − α2 − α3 − α4)|T [L,L] are non-conjugate highest weights of composition
factors of V |[L,L] which is impossible; hence α1 ∈ Π(L), L = F4 and S = 1.
Assume (a,b) = (1,0) then α3 ∈ Π(L). If α4 /∈ Π(L), then either α1 ∈ Π(L) so λ|T [L,L] and (λ −
α3 −α4)|T [L,L] are non-conjugate highest weights of composition factors of V |[L,L] , or α1 /∈ Π(L) so
λ|T [L,L] , (λ − α3 − α4)|T [L,L] and (λ − α1 − α2 − 2α3 − 2α4)|T [L,L] are non-conjugate highest weights
of composition factors of V |[L,L] , both are impossible; so α4 ∈ Π(L). If α2 /∈ Π(L), then λ|T [L,L]
and (λ − α2 − α3)|T [L,L] are non-conjugate highest weights of composition factors of V |[L,L] which
is impossible; so α2 ∈ Π(L). If α1 /∈ Π(L), then λ|T [L,L] and (λ − α1 − α2 − α3)|T [L,L] are non-
conjugate highest weights of composition factors of V |[L,L] which is impossible; hence α1 ∈ Π(L),
L = F4 and S = 1.
Assume (a,b) = (1,1). If α4 /∈ Π(L), then either α2 ∈ Π(L) so λ|T [L,L] and (λ − α3 − 2α4)|T [L,L]
are non-conjugate highest weights of composition factors of V |[L,L] , or α2 /∈ Π(L) so λ|T [L,L] and
(λ − α2 − α3 − 2α4)|T [L,L] are non-conjugate highest weights of composition factors of V |[L,L] ,
both are impossible; so α4 ∈ Π(L). If α3 /∈ Π(L), then λ|T [L,L] and (λ − α2 − 2α3)|T [L,L] are non-
conjugate highest weights of composition factors of V |[L,L] which is impossible; so α3 ∈ Π(L).
If α2 /∈ Π(L), then λ|T [L,L] and (λ − α1 − 2α2 − 2α3)|T [L,L] are non-conjugate highest weights of
composition factors of V |[L,L] which is impossible; so α2 ∈ Π(L). If α1 /∈ Π(L), then λ|T [L,L] and
(λ−α1 −α2 −α3)|T [L,L] are non-conjugate highest weights of composition factors of V |[L,L] which
is impossible; hence α1 ∈ Π(L), L = F4 and S = 1. 
Now we consider the conﬁgurations (iii) and (iv) of 9.2, (vii) and (viii) of 9.1.
1. Suppose λ|TY = aλ3 + bλ4 and H = D˜4 · S3 where p = 2, then λ|TH0 = aω1 + bω2 + aω3 + aω4. Set
G1 := G ∩ H0 so G01 = G0 = D is semisimple by 9.5. If G1 = H0, then G0 = H0 acts irreducibly on V
which contradicts our assumption. So G1 < H0.
Lemma 9.6. The dimension of each composition factor of V |D is at least 3.
Proof. Note ﬁrst that V |D has no trivial composition factor. If V |D has a 2-dimensional composition
factor then D = Al1 for some l ∈ {1,2,3,4} and all composition factors of V |D are 2-dimensional. In
particular, the weight 0 cannot occur with nonzero multiplicity in V |H0 , which is impossible as 0 =
λ|TH0 − (2a+b)(β1 +β3 +β4)− (3a+2b)β2 ∈ Λ(V |H0) (2.2). Hence the dimension of each composition
factor of V |D is at least 3. 
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Proof. Suppose that D  P where P is a maximal parabolic subgroup of H0 with Levi factor L. Then
D acts on the composition factors of V |[L,L] . Either Π(L) = {β1, β3, β4} or β2 ∈ Π(L) (and for the
purpose of the following argument we can take Π(L) = {β1, β2, β3}).
Suppose Π(L) = {β1, β3, β4}.
• If (a,b) = (0,1) then V |D must have a trivial composition factor which is impossible.
• If (a,b) = (1,0) then λ|T [L,L] = 1 ⊗ 1 ⊗ 1. Since all composition factors of V |D have the same
dimension which divides dim(V ) = 246 and dim(LA1 (1) ⊗ LA1 (1) ⊗ LA1 (1)), they must be 2-di-
mensional which is impossible by 9.6.
• If (a,b) = (1,1) then μ = λ|TH0 −β1 −β2 −β3 occurs with multiplicity 4 in V |H0 [3, p. 166]. Since
β2 /∈ Π(L), μ|T [L,L] = 0 ⊗ 0 ⊗ 2 must be the highest weight of a composition factor of V |[L,L] and
the composition factors of V |D must be 2-dimensional which is impossible by 9.6.
Suppose Π(L) = {β1, β2, β3}.
• If (a,b) = (0,1) then dim(V ) = 26, λ|T [L,L] = 010 and the composition factors of V |D must be
2-dimensional which is impossible by 9.6.
• If (a,b) = (1,0) then dim(V ) = 246, λ|T [L,L] = 101 and the composition factors of V |D must be
2-dimensional which is impossible by 9.6.
• If (a,b) = (1,1) then dim(V ) = 4096 and μ = λ|TH0 − β2 − β4 occurs with multiplicity 2 in V |H0
(2.6). Since β4 /∈ Π(L), μ|T [L,L] = 202 must be the highest weight of a composition factor of V |[L,L]
and the composition factors of V |D must be 2-dimensional which is impossible by 9.6. 
Note that Λ = ZΣ(H0) so H0 is an adjoint type group of type D4. Hence there is an isogeny φ :
SO8(K ) → H0 and G1  φ(Mg) where M is one of the proper subgroups of SO8(K ) described in
8.2 and g ∈ GO8(K ). In what follows we consider the action of φ(Mg) on certain irreducible K H0-
modules. As all such modules lift to representations of SO8(K ) and the action of φ(Mg) is given by
the action of M , we will replace φ(Mg) by M .
Recall that Z(G01) = 1 so M = NSO8(K )(TH0 ).
Suppose ﬁrst that G = G1. We get G  M < H0 so V |M is irreducible and all composition factors of
V |M0 are conjugate so they have the same dimension which divides the dimension of V . Then M0 is
reductive and by 9.5, M0 is semisimple, in particular M0 = T1A3 and M0 = GL4.
If M0 = A2 as in (ix) of 8.2, then λ|TM0 affords a composition factor of V |M0 of dimension 32 if
(a,b) = (0,1), 82 if (a,b) = (1,0) and 32.8 if (a,b) = (1,1). In each case the dimension of V is not
divisible by the dimension of the composition factor of V |M0 with highest weight λ|TM0 which is
impossible.
For M0 = A1B2 set μ = λ|TH0 − β1 − (1− a)β2, for M0 = A41 set μ = λ|TH0 − b(1− a)β2 − aβ3 and for
M0 = B3 or C3 set μ = λ|TH0 − (1− a)β2 − β3. Then μ ∈ Λ(V |H0) and μ|TM0 is the highest weight of
a composition factor of V |M0 with λ|TM0 and μ|TM0 non-conjugate, which is impossible.
Suppose now that G  H0.
If 3 divides |G : G1|, then there exists x ∈ G \ G1 such that x3 ∈ G1 and, since CY (H0) = 1, x induces
an outer automorphism of H0 of order 3.
Suppose ﬁrst that x centralizes D and write x3 = su = us where s and u are respectively a semisimple
and a unipotent element in H0.
If s = 1 then D centralizes a semisimple element in H0 (of order different from 2 since p = 2), so D
lies in a proper parabolic subgroup of H0 [13, 4.1.9] which is impossible by 9.7. Hence s = 1.
If u = 1 then let U be the set of unipotent elements of Z(CH0 (u)). Then 1 = u ∈ U and U is a closed
unipotent subgroup of H0 [15, 15.5]. By 2.14, there exists a proper parabolic subgroup PH0 of H
0
such that NH0 (U ) PH0 . Since D  CH0 (u), we get D  PH0 which is impossible. Hence u = 1.
Thus x3 = 1 and D  CH0 (x) = A2 or G2 [12, 9-1].
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• D = A2 and the dimension of V is not divisible by the dimension of the composition factor of
V |A2 with highest weight λ|T A2 which is impossible.• D = A1 acts on the composition factors of V |[L,L] where L = A1T1 is a Levi factor of a parabolic
subgroup of A2 (p = 2). One checks that the restriction of the composition factor of V |A2 with
highest weight λ|T A2 (LA2(30), LA2 (33) or LA2 (36)) to A1 has two non-conjugate composition
factors (a trivial composition factor and a 2-dimensional composition factor) which is impossible.
Suppose D  G2:
• If (a,b) = (0,1) then dim(V ) = 26, dim(LG2(λ|TG2 )) = 14 and all composition factors of V |D must
be 2-dimensional which is impossible by 9.6.
• If (a,b) = (1,0) then (λ|TH0 − β1)|TG2 = (λ|TH0 − β3)|TG2 = (λ|TH0 − β4)|TG2 = 11. So 11 is the
highest weight of a composition factor of V |G2 with dim(LG2 (11)) = 64. Since dim(V ) = 246, all
composition factors of V |D must be 2-dimensional which is impossible.
• If (a,b) = (1,1) then (λ|TH0 − β1)|TG2 = (λ|TH0 − β3)|TG2 = (λ|TH0 − β4)|TG2 = 12. So 12 is the
highest weight of a composition factor of V |G2 with dim(LG2 (12)) = 84. Since dim(V ) = 4096, by
9.6 all composition factors of V |D must be of dimension 4 so D = A1 or A˜1A1. In particular the
weight 0 cannot occur with nonzero multiplicity in V |D which is impossible since 0 = λ|TH0 −
3(β1 + β3 + β4) − 5β2 ∈ Λ(V |H0 ) (2.2).
Suppose now that x does not centralize D . Set r = |G1 : D| and write r = 3lm where 3  m. Hence
xm /∈ H0 and xm induces an outer automorphism of order 3 of H0 ((xm)3 ∈ H0). If xm induces an inner
automorphism of D then D  CH0 (xmd) for some d ∈ D . Replacing x by xmd in the earlier argument,
we deduce that this is impossible. So xm induces an automorphism of D of order a power of 3 in
Out(D) and either D = A31 or D = A41.
Suppose D = A41. We have checked in an earlier argument that V |D has two non-conjugate composi-
tion factors which is impossible.
Suppose D = A31. Let {r1, r2, r3} be a base of the root system of D . Let W be the natural module
for H0.
If D acts irreducibly on W then, up to conjugacy, we get hr1 (c) = hβ1(c)hβ3 (c), hr2(c) = hβ1 (c)hβ2(c2)×
hβ3 (c) and hr3 (c) = hβ1(c)hβ2 (c2)hβ3(c)hβ4 (c2).
• If (a,b) = (0,1) then the weight (λ|TH0 − β1 − β2)|TD = 0 ⊗ 0 ⊗ 2 occurs in a composition factor
of V |D with highest weight μ such that λ|TD = 0 ⊗ 2 ⊗ 2 and μ are non-conjugate which is
impossible.
• If (a,b) = (1,0) then the weight (λ|TH0 −β1)|TD = 0⊗ 2⊗ 4 occurs in a composition factor of V |D
with highest weight μ such that λ|TD = 2⊗ 2⊗ 4 and μ are non-conjugate which is impossible.
• If (a,b) = (1,1) then the weight (λ|TH0 − β1 − 2β2)|TD = 4⊗ 0⊗ 6 occurs in a composition factor
of V |D with highest weight μ such that λ|TD = 2 ⊗ 4 ⊗ 6 and μ are non-conjugate which is
impossible.
If W |D is reducible then let U be a minimal proper nonzero subspace of W stabilized by D .
If U is totally singular then D lies in a maximal parabolic subgroup of H0 which is impossible by 9.7.
If U is non-singular of dimension 1 then D < M0 = B3 as in (ii) of 8.2. Up to conjugacy we get
hr1 (c) = hβ3 (c)hβ4(c), hr2(c) = hβ2 (c2)hβ3 (c)hβ4 (c) and hr3(c) = hβ1(c2)hβ2(c2)hβ3 (c)hβ4(c) so λ|TD =
2a ⊗ (2a + 2b) ⊗ (4a + 2b). In particular the weight 0 cannot occur with nonzero multiplicity in V |D
which is impossible since 0 ∈ Λ(V |H0).
If U is non-degenerate of dimension 2 then D < M0 = T1A3 as in (iii) of 8.2 which is impossible.
If U is non-degenerate of dimension 3 then D < M0 = A1B2 as in (iv) of 8.2. Up to conjugacy we get
hr1 (c) = hβ3 (c)hβ4(c), hr2(c) = hβ2 (c2)hβ3 (c)hβ4 (c) and hr3(c) = hβ1(c2)hβ2(c2)hβ3 (c)hβ4(c) so λ|TD =
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which is impossible since 0 ∈ Λ(V |H0).
If U is non-degenerate of dimension 4 then D < M = A41 · S22 as in (v) of 8.2. Since NNF4 (T F4 )(H0) nor-
malizes M0 and G < M1 = M · NNF4 (T F4 )(H0) we deduce that V |M1 is irreducible and all composition
factors of V |M0 are conjugate which is impossible by an earlier argument.
Hence |G : G1| is not divisible by 3 and G  H0 · S2. Since H0 has no proper positive dimensional
subgroup which acts irreducibly on V , V |G1 must have two (conjugate) composition factors. So V |M
is reducible and has two (conjugate) composition factors. Hence the composition factors of V |M0 are
conjugate and nontrivial. Since M is not a maximal parabolic subgroup of H0, M0 is reductive and by
9.5, M0 is semisimple. So M0 = T1A3 and M0 = GL4. For the remaining subgroups M we have checked
by an earlier argument that V |M0 has non-conjugate composition factors which is impossible.
2. Suppose λ|TY = aλ1 + bλ2 and H = D4 · S3 where p = 2, then λ|TH0 = bω1 + aω2 + bω3 + bω4.
Let τ be the automorphism of Y described in [4, 12.3.3]. Then τ (H) is the maximal subgroup D˜4 ·
S3 of Y . Let ψ : Y → SL(V ) be the irreducible representation of Y with highest weight aλ1 + bλ2,
then ψ ◦ τ : Y → SL(V ) is an irreducible representation of Y with highest weight 2bλ3 + 2aλ4. Set
V1 = LF4(bλ3 + aλ4). If G < H acts irreducibly on V under the representation ψ , then G must act
irreducibly on V 21 under ψ ◦ τ with ψ ◦ τ (G) < D˜4 · S3 which is impossible by item 1
3. Suppose λ|TY = aλ3 + bλ4 and H = C4 where p = 2, then λ|TH = aω1 + bω2 + aω3. Note that H is
an adjoint type group of type C4. Hence there is an isogeny φ : Sp8(K ) → H and G1  φ(M) where
M is one of the proper subgroups of Sp8(K ) described in 8.3. As in item 1, we will replace φ(M) by
M . Then V |M is irreducible and all composition factors of V |M0 are conjugate. So M0 is reductive, in
particular M is not a parabolic subgroup of H . By 9.5, M0 and G0 = D are semisimple so M = GL4 ·S2.
If M = D4 · S2 then λ|TM0 = aω1 + bω2 + aω3 + aω4. So M lies in the maximal subgroup D4 · S3 of F4
and we have seen that there is no positive dimensional subgroup G of D4 · S3 which acts irreducibly
on V with V |G0 reducible.
If M = A41 · S4, then let m be the dimension of the composition factor of V |M0 with highest weight
λ|TM0 . Then m = 4 if (a,b) = (0,1), m = 8 if (a,b) = (1,0) and m = 16 if (a,b) = (1,1). So either
m  dim(V ) or dim(V ) > 24m = |S4|m; both are impossible.
For M = A1C3 set μ = λ|TH − β1 − (1− a)β2 and for M = C22 · S2 set μ = λ|TH − aβ1 − (a+ b)β2. Then
μ ∈ Λ(V |H ) and μ|TM0 is the highest weight of a composition factor of V |M0 with λ|TM0 and μ|TM0
non-conjugate, which is impossible.
4. Suppose λ|TY = aλ1 + bλ2 and H = B4 where p = 2, then λ|TH = bω1 + aω2 + bω3. Let τ be the
automorphism of Y described in [4, 12.3.3]. Then τ (H) is the maximal subgroup C4 of Y . Let ψ and
V1 be as in item 2. If G < B4 acts irreducibly on V under the representation ψ , then G must act
irreducibly on V 21 under ψ ◦ τ with ψ ◦ τ (G) < C4 which is impossible by item 3.
This completes the proof of the Main Theorem for Y = F4.
9.3. Case of Y = E6
Here we assume G < H < Y = E6, either H0 is a torus or all simple components of H0 have classical
type, V |G0 is reducible and V |G is irreducible.
Lemma 9.8. Suppose Z(G0)0 = 1. Then V |G is irreducible if and only if λ = λ1 or λ6 , G0 is a maximal torus
T E6 of E6 and G = T E6 · X, where X W(E6) and the X-orbit of λ is equal to the W(E6)-orbit of λ.
Proof. Suppose V |G is irreducible. Then λ = λ1 or λ6. Let T E6 be a maximal torus of Y such that S :=
Z(G0)0  T E6 . Then L = CY (S) = CY (S)0 is a Levi factor of Y and up to conjugacy, we can suppose
that Π(L) ⊂ Π(Y ). As in the proof of 9.4, precisely one of the following holds:
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and only if X · λ = W(E6) · λ.
(b) All composition factors of V |[L,L] are conjugate and nontrivial. Without loss of generality, we
take λ = λ1. Since the composition factor of V |[L,L] with highest weight λ|T [L,L] has dimension 3,9 or
27, we get α1,α3 ∈ Π(L). If α4 /∈ Π(L) then μ = (λ−α1 −α3 −α4)|T [L,L] and ν = (λ−α1 −α2 −α3 −
2α4−α5)|T [L,L] are non-conjugate highest weights of composition factors of V |[L,L] which is impossible,
so α4 ∈ Π(L). Then the composition factor of V |[L,L] with highest weight λ|T [L,L] has dimension 9 or
27 so α2,α5,α6 ∈ Π(L). Hence L = Y and S = 1 which contradicts the hypothesis. 
Now we assume that G0 = D is semisimple so we must consider the cases (v) and (vii) of 9.2 and (ii)
of 9.3.
1. Suppose H = (A2 · S2) × Z(E6) where p  7, then λ|TH0 = 2ω1 + 2ω2. Since H0 acts irreducibly
on V , we get D = A1 < H0 and all composition factors of LA2 (2ω1 + 2ω2)|D have the same highest
weight. Let W be the natural module for A2, then S2W ⊗ S2(W )  2ω1 + 2ω2/ω1 + ω2/00.
(a) If D acts irreducibly on W then W |A1  2, LA2 (2ω1+2ω2)|D  8/6/42/0 if p > 7 and 8/6/43/0
if p = 7 which is impossible.
(b) If D acts reducibly on W then W |A1  1/0 and LA2 (2ω1 + 2ω2)|D  4/32/23/12/0 which is
impossible.
2. Suppose H = A32 · S3, then λ|TH0 = ω1 ⊗ 0 ⊗ ω2 and V |H0 has 3 composition factors. We have
H0 = H1.H2.H3 where Hi = A2,∀1 i  3 and V |H0 =
⊕3
i=1 Vi . We order the Vi ’s such that for each
1 i  3, Hi acts trivially on Vi+1 (where Vi+3 = Vi , ∀1 i  3). For each g ∈ G and 1 i  3, there
exists 1  ng,i  3 such that g · Vi = Vng,i . Since G acts irreducibly on V and D stabilizes each Vi ,
the ﬁnite group G/D acts transitively on the set {V1, V2, V3} and |G/D| is divisible by 3. Hence there
exists x ∈ G such that x3 ∈ D and x · Vi = Vi+1 so xHix−1 = Hi+1, ∀1 i  3. Let σ be the image of x
in Out(D), then σ 3 = 1.
If σ = 1 then ix|D = id for some d ∈ D . Let pi : H0  Hi be the canonical projection. We get
ix(pi(D))  ix(Hi) = Hi+1 and id(pi(D))  id(Hi) = Hi , which is impossible. So σ has order 3 and
either D = H0 = A32 or D = A31.
(a) If D = H0 then V |G is irreducible if and only if G = H0 · 〈x〉 = A32 · C3.
(b) If D = K1.K2.K3 = A31 where Ki = A1 < Hi then p > 2 and Ki acts irreducibly on Vi . We get
NHi (Ki)/Ki = Z(Hi) = 〈zi〉, where
z1 = hα1(w).hα3
(
w2
)
, z2 = hα5(w).hα6
(
w2
)
, w3 = 1 and z1z22z3 = 1.
We have H1H2H3 = H1 × H2 × H3/〈z1z22z3〉 and NH0(D)/D = 〈z1, z2〉 ∼= C23 . Hence V |D  2 ⊗
0⊗ 2/0⊗ 2⊗ 2/2⊗ 2⊗ 0 and V |G is irreducible if and only if D · 〈x〉 G  NH (D) so A31 · C3 
G  (A31 · S3) × C23 .
3. Suppose H = C4 × Z(E6) where p > 2, then λ|TH0 = ω2. Since H0 acts irreducibly on V , we get, as
in the proof of item 3 of the case Y = F4, G  M × Z(E6) where M is one of the proper subgroups
of Sp8(K ) described in 8.3. Then V |M is irreducible and all composition factors of V |M0 are conjugate
and nontrivial. So M0 is reductive, in particular M is not a parabolic subgroup of H0. By 9.8, M0 is
semisimple so M = GL4 · S2.
(a) If M0 = A1 where p > 7, then V |M0 = 12/82/4 if p = 11 and V |M0 = 12/8/4 if p > 11 which is
impossible.
(b) If M = A1C3 then V |M = 1⊗ 100/0⊗ 010/0⊗ 000 which is impossible.
(c) If M = C22 · S2 then V |M0 = 10⊗ 10/01⊗ 00/00⊗ 01/00⊗ 00 which is impossible.
(d) If M = A41 · S4 then V |M0 = 1⊗ 1⊗ 0⊗ 0/0⊗ 1⊗ 1⊗ 0/0⊗ 0⊗ 1⊗ 1/1⊗ 0⊗ 1⊗ 0/1⊗ 0⊗ 0⊗
1/0⊗ 1⊗ 0⊗ 1/0⊗ 0⊗ 0⊗ 03 which is impossible.
(e) If M = A31 · S3, then V |M0 = 0⊗ 2⊗ 2/2⊗ 0⊗ 2/2⊗ 2⊗ 0 and the composition factors of V |M0
are transitively permuted by the triality graph automorphism of A31.
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subgroup of A32 · S3 < E6 . In particular a subgroup G  M acts irreducibly on V if and only if A31 · C3  G 
A31 · S3 .
Proof. Let {β1, β2, β3, β4} be a set of simple roots of H0 = C4. One easily checks, using 2.13, that
X = 〈x±β1 (t), x±β2 (t), x±β3 (t)〉 lies in an A5 parabolic subgroup of E6 and that the embedding is given
by the 6-dimensional irreducible representation of X . In fact, X lies in a Levi factor of type A5 [18,
Theorem 1]. Write M0 = AA1A1. We may take A to be the A1 subgroup 〈xβ1 (t)xβ3 (t), x−β1 (t)x−β3 (t)〉.
One checks that A is conjugate to an A1 subgroup irreducibly embedded in an A2 Levi subgroup of
the A5 and hence in an A2 Levi subgroup of E6. So M0  ACE6 (A)0 and we claim that CE6 (A)0 is
simply an A2A2 subsystem subgroup. By [23, Table 5.3.3], we see that this centralizer has dimension
16 and it is clear that it contains at least an A2A2 Levi factor, establishing the claim. Moreover, M <
NE6 (A
3
1) < NE6 (A
3
2). Hence a subgroup G  M acts irreducibly on V if and only if A31 ·C3  G  A31 ·S3
(see item 2). 
This completes the proof of the Main Theorem for Y = E6.
9.4. Case of Y = E7
Here we assume G < H < Y = E7, either H0 is a torus or all simple components of H0 have classical
type, V |G0 is reducible and V |G is irreducible.
Lemma 9.10. Suppose Z(G0)0 = 1. Then V |G is irreducible if and only if λ = λ7 , G0 is a maximal torus T E7 of
E7 and G = T E7 · X, where X W(E7) and the X-orbit of λ7 is equal to the W(E7)-orbit of λ7 .
Proof. Suppose V |G is irreducible. Then λ = λ7. Let T E7 be a maximal torus of Y such that S :=
Z(G0)0  T E7 . Then L = CY (S) = CY (S)0 is a Levi factor of Y and up to conjugacy, we can suppose
that Π(L) ⊂ Π(Y ). As in the proof of 9.4, precisely one of the following holds:
(a) [L, L] = 1 then S = G0 = L = T E7 . So G = T E7 · X , where X W(E7) and V |G is irreducible if
and only if X · λ = W(E7) · λ.
(b) All composition factors of V |[L,L] are conjugate and nontrivial. In particular α7 ∈ Π(L). If α6 /∈
Π(L) then the composition factors of V |[L,L] must be 2-dimensional and since μ = (λ − α7 −
α6)|T [L,L] is the highest weight of a composition factor of V |[L,L] we get α5 ∈ Π(L) and α4 /∈
Π(L). Then ν = (λ − α7 − 2α6 − 2α5 − 3α4 − 2α3 − α2 − α1)|T [L,L] is the highest weight of a
composition factor of V |[L,L] of dimension 4 or 8 which is impossible, so α6 ∈ Π(L). If α5 /∈
Π(L) then the composition factor of V |[L,L] with highest weight λ|T [L,L] is 3-dimensional which
is impossible, so α5 ∈ Π(L). If α4 /∈ Π(L) then λ|T [L,L] and μ = (λ − α7 − α6 − α5 − α4)|T [L,L]
are non-conjugate highest weights of composition factors of V |[L,L] which is impossible, so
α4 ∈ Π(L). The composition factor of V |[L,L] with highest weight λ|T [L,L] has dimension which
divides 56, so α1,α3 ∈ Π(L). If α2 /∈ Π(L) then λ|T [L,L] and μ = (λ − α7 − α6 − α5 − α4 −
α2)|T [L,L] must be non-conjugate highest weights of composition factors of V |[L,L] which is
impossible, so α2 ∈ Π(L). So L = Y and S = 1 which contradicts the hypothesis. 
Now we assume that G0 = D is semisimple so we must consider the cases (iii), (iv), (v) and (vi) of
9.3.
1. Suppose H = (A2 · S2) × Z(E7) where p  7, then λ|TH0 = 6ω1 and V |H0 has 2 composition factors
permuted by the outer automorphism of H0. Let W be the natural module for A2, then S6W 
LA2 (6ω1). If D = H0 then G = A2 · S2. If D < H0 then D = A1 and all composition factors of S6W |D
have the same highest weight.
2708 S. Ghandour / Journal of Algebra 323 (2010) 2671–2709(a) If D acts irreducibly on W then p > 2, W |D  2, S6W |A1  12/8/4/0 if p > 11, 12/82/4/0 if
p = 11 and 12/8/42/02 if p = 7, which is impossible.
(b) If D acts reducibly on W then W |A1  1/0 and S6W |A1  6/5/4/3/2/1/0 which is impossible.
2. Suppose H = ((D4 × S22 ) · S3) × Z(E7) where p  3, then λ|TH0 = ω2 (LD4(ω2) is the Lie algebra of
dimension 28 of D4) and V |H0 has 2 composition factors.
If D = H0 = D4, then D lies in a subsystem A7 of Y [7, Lemma 2.15] and [18, Theorem 5] and
V |D  LD4(λ|TD4 )⊕n · LD4 (λ|TD4 ), where NY (A7) = A7 · 〈n〉 (n is one of the two generators of CY (D4)).
Then V |G is irreducible if and only if 〈n〉 G so D4 × S2  G < ((D4 × S22 ) · S3) × Z(E7).
If D < H0 = D4 then the Lie algebra L(D) of D is a proper K D-submodule of V , and the composition
factors of L(D) are conjugate hence have all the same dimension which divides 28. Using 1.10 of [20]
and 1.2 of [27], we deduce that the unique possibility is D = G2, the ﬁxed point group of the triality
graph automorphism of D4. We get LD4(ω2)|G2  LG2(01)/LG2 (10)i where i = 3 if p = 3 and i = 2 if
p > 3, which is impossible.
3. Suppose H = A7 · S2, then λ|TH0 = ω2 and V |H0 has 2 composition factors. Let W be the natural
module for A7, then
∧2 W  LA7 (ω2). Set G1 = G ∩ H0. Since V |H0 is reducible, we get |G : G1| = 2
and V |G1 has two conjugate composition factors so
∧2 W |G1 is irreducible. Since G1 is a proper
subgroup of H0, there is an isogeny φ : SL8(K ) → H0 such that G1  φ(M) where M is one of the
proper subgroups of SL8(K ) described in 8.4. As in item 1 of the case Y = F4, we will replace φ(M)
by M . Then
∧2 W |M is irreducible and all composition factors of ∧2 W |M0 are conjugate. So M0
is reductive, in particular M is not a parabolic subgroup of H0. If the outer automorphism of H0
preserves M , we get that V |M·S2 is irreducible so, by 9.10, M0 is semisimple. In particular M0 = T3A41
and M0 = T1A23.
(a) If M0 = A1A3, then ∧2 W |M0  2⊗ 010/0⊗ 200 if p > 2 and ∧2 W |M0  2⊗ 010/0⊗ 200/0⊗
0102 if p = 2, which is impossible.
(b) If M0 = C4, then ∧2 W |M0  0100/0000 if p > 2 and ∧2 W |M0  0100/00002 if p = 2, which
is impossible.
(c) If M0 = D4, then ∧2 W |M is irreducible if and only if p > 2 and ∧2 W |M0  0100 is the Lie
algebra of D4. Then G1 lies in the maximal subgroup ((D4 × S22 ) · S3) × Z(E7) of E7. Using
item 2, we get G = G1 × S2 acts irreducibly on V with V |G0 reducible, if and only if 〈n〉 G ,
where n is an involutary outer automorphism of H0 in Y , so D4 × S2  G  D4 × S22 .
(d) If p = 3 and M0 = A2, then ∧2 W |M0  11/30/03 if p  5 and ∧2 W |M0  11/30/03/002 if
p = 2, which is impossible.
4. Suppose H = A71 · L3(2), then λ|TH0 = 1⊗ 1⊗ 1⊗ 0⊗ 0⊗ 0⊗ 0 and V |H0 has 7 composition factors.
As in item 2 of the case Y = E6, there exists x ∈ G such that x7 ∈ D and the image of x in Out(D)
has order 7. Hence D = H0 = A71 and V |G is irreducible if and only if H0 · 〈x〉  G < NY (H0) so
A71 · C7  G < A71 · L3(2).
This completes the proof of the Main Theorem for Y = E7.
As mentioned earlier, there are no maximal subgroups of Y = E8 acting irreducibly on an irreducible
KY -module. Hence the above considerations complete the proof of the Main Theorem.
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